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Óìíîæåíèå ìíîãî÷ëåíîâ Ìîòèâèðóþùàÿ çàäà÷à

Ìîòèâèðóþùàÿ çàäà÷à

Çàäà÷à:

Ðàññìîòðèì ìíîãî÷ëåíû: P(x) ñòåïåíè m è Q(x) ñòåïåíè n.

Êàê íàéòè ïðîèçâåäåíèå P(x) ·Q(x)?
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Ïåðåìíîæèòü â ñòîëáèê...
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Êàê íàéòè ïðîèçâåäåíèå P(x) ·Q(x)?

Ïåðåìíîæèòü â ñòîëáèê...

...çà âðåìÿ O(m · n).
À ìîæíî áûñòðåå?
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Óìíîæåíèå ìíîãî÷ëåíîâ Êàê çàäàòü ìíîãî÷ëåí

Êàê çàäàòü ìíîãî÷ëåí

Êàê ìîæíî çàäàòü ìíîãî÷ëåí?

Êîýôôèöèåíòû ïðè ñòåïåíÿõ x:

P(x) = an−1x
n−1 + . . .+ a1x

1 + a0x
0.

Çíà÷åíèÿ â n ðàçëè÷íûõ òî÷êàõ: P(x0),P(x1), . . . ,P(xn−1).
Ïðè ýòîì ìîæíî âûáðàòü ëþáûå óäîáíûå òî÷êè� ãëàâíîå,

÷òîáû èõ áûëî õîòÿ áû n.

Èâàí Êàçìåíêî et al. (ÌÊÍ ÑÏáÃÓ) Äèñêðåòíîå ïðåîáðàçîâàíèå Ôóðüå 25.02.2026 5 / 20



Óìíîæåíèå ìíîãî÷ëåíîâ Êàê ïåðåìíîæèòü ìíîãî÷ëåíû

Êàê ïåðåìíîæèòü ìíîãî÷ëåíû

Êàê ïåðåìíîæèòü äâà ìíîãî÷ëåíà? R(x) = P(x) ·Q(x):

P(x) =
m−1∑
i=0

aix
i; Q(x) =

n−1∑
j=0

bjx
j: R(x) =

m+n−2∑
k=0

ckx
k, ãäå

ck =
∑
i+j=k

ai · bj.

Âðåìÿ: O(m · n).
P(x0),P(x1), . . . ,P(xm+n−2); Q(x0),Q(x1), . . . ,Q(xm+n−2):
R(xk) = P(xk) ·Q(xk).
Âðåìÿ: O(m+ n).
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Óìíîæåíèå ìíîãî÷ëåíîâ Êàê óìíîæàòü áûñòðåå

Êàê óìíîæàòü áûñòðåå

Êàê óìíîæèòü áûñòðåå, åñëè åñòü êîýôôèöèåíòû?

Âûáðàòü óäîáíûå òî÷êè.

Ïåðåéòè îò êîýôôèöèåíòîâ P è Q ê çíà÷åíèÿì â òî÷êàõ:

O(?).

Ïåðåìíîæèòü çíà÷åíèÿ â òî÷êàõ: O(m+ n).

Ïåðåéòè îò çíà÷åíèé R â òî÷êàõ ê êîýôôèöèåíòàì: O(?).
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Ïåðåéòè îò çíà÷åíèé R â òî÷êàõ ê êîýôôèöèåíòàì: O(?).

Ïåðåõîäû ìîæíî ñäåëàòü çà âðåìÿ O((m+ n) log(m+ n)).
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Âûáîð òî÷åê� {ωi}m+n−2
i=0 , ãäå ω�ïåðâîîáðàçíûé êîðåíü

ñòåïåíè íå ìåíüøå m+ n− 1.
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ïðåîáðàçîâàíèå Ôóðüå.
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Óìíîæåíèå çíà÷åíèé â òî÷êàõ� ïîêîìïîíåíòíî.
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Ïðåîáðàçîâàíèå Ôóðüå Êàê âûáðàòü òî÷êè

Êàê âûáðàòü òî÷êè

Êàê âûáðàòü òî÷êè?

Ìíîãî÷ëåíû� ñêàæåì, íàä ïîëåì A.
Íàïðèìåð, ýòî ìîæåò áûòü C èëè Zp äëÿ ïðîñòîãî p.
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Êàê âûáðàòü òî÷êè?

Ìíîãî÷ëåíû� ñêàæåì, íàä ïîëåì A.
Íàïðèìåð, ýòî ìîæåò áûòü C èëè Zp äëÿ ïðîñòîãî p.

Âûáåðåì ω ∈ A�ïåðâîîáðàçíûé êîðåíü èç åäèíèöû

ñòåïåíè n: ω1 ̸= 1, ω2 ̸= 1, . . ., ωn−1 ̸= 1, íî ωn = 1.

×èñëî n äîëæíî áûòü áîëüøå ñòåïåíè ëþáîãî ìíîãî÷ëåíà,

êîòîðûé íàñ èíòåðåñóåò: P, Q è R = P ·Q.
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×èñëî n äîëæíî áûòü áîëüøå ñòåïåíè ëþáîãî ìíîãî÷ëåíà,

êîòîðûé íàñ èíòåðåñóåò: P, Q è R = P ·Q.
Ðàññìîòðèì n òî÷åê ω0, ω1, . . . , ωn−1.

Áóäåì ñ÷èòàòü çíà÷åíèÿ ìíîãî÷ëåíîâ â ýòèõ òî÷êàõ.
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Ïðåîáðàçîâàíèå Ôóðüå Ïðèìåð äëÿ n = 8

Ïðèìåð äëÿ n = 8

Ïðèìåð äëÿ n = 8:

P(x) = a0x
0 + a1x

1 + a2x
2 + a3x

3 + a4x
4 + a5x

5 + a6x
6 + a7x

7

Âûïèøåì çíà÷åíèÿ ìíîãî÷ëåíà â òî÷êàõ ω0, ω1, . . ., ωn−1:



P(ω0)
P(ω1)
P(ω2)
P(ω3)
P(ω4)
P(ω5)
P(ω6)
P(ω7)

 =



ω0·0 ω0·1 ω0·2 ω0·3 ω0·4 ω0·5 ω0·6 ω0·7

ω1·0 ω1·1 ω1·2 ω1·3 ω1·4 ω1·5 ω1·6 ω1·7

ω2·0 ω2·1 ω2·2 ω2·3 ω2·4 ω2·5 ω2·6 ω2·7

ω3·0 ω3·1 ω3·2 ω3·3 ω3·4 ω3·5 ω3·6 ω3·7

ω4·0 ω4·1 ω4·2 ω4·3 ω4·4 ω4·5 ω4·6 ω4·7

ω5·0 ω5·1 ω5·2 ω5·3 ω5·4 ω5·5 ω5·6 ω5·7

ω6·0 ω6·1 ω6·2 ω6·3 ω6·4 ω6·5 ω6·6 ω6·7

ω7·0 ω7·1 ω7·2 ω7·3 ω7·4 ω7·5 ω7·6 ω7·7

 ·



a0
a1
a2
a3
a4
a5
a6
a7


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Ïðåîáðàçîâàíèå Ôóðüå Ïðèìåð äëÿ n = 8

Ïðèìåð äëÿ n = 8

Êàê èñïîëüçîâàòü çàêîíîìåðíîñòè äëÿ óñêîðåíèÿ?

p0 = ω0a0 + ω0a1 + ω0a2 + ω0a3 + ω0a4 + ω0a5 + ω0a6 + ω0a7
p1 = ω0a0 + ω1a1 + ω2a2 + ω3a3 + ω4a4 + ω5a5 + ω6a6 + ω7a7
p2 = ω0a0 + ω2a1 + ω4a2 + ω6a3 + ω0a4 + ω2a5 + ω4a6 + ω6a7
p3 = ω0a0 + ω3a1 + ω6a2 + ω1a3 + ω4a4 + ω7a5 + ω2a6 + ω5a7
p4 = ω0a0 + ω4a1 + ω0a2 + ω4a3 + ω0a4 + ω4a5 + ω0a6 + ω4a7
p5 = ω0a0 + ω5a1 + ω2a2 + ω7a3 + ω4a4 + ω1a5 + ω6a6 + ω3a7
p6 = ω0a0 + ω6a1 + ω4a2 + ω2a3 + ω0a4 + ω6a5 + ω4a6 + ω2a7
p7 = ω0a0 + ω7a1 + ω6a2 + ω5a3 + ω4a4 + ω3a5 + ω2a6 + ω1a7

pi = P(ωi)
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Ïðåîáðàçîâàíèå Ôóðüå Ïðèìåð äëÿ n = 8

Ïðèìåð äëÿ n = 8

Ïåðåñòàâèì ñòîëáöû: bi = arev(i)

p0 = ω0a0 + ω0a4 + ω0a2 + ω0a6 + ω0a1 + ω0a5 + ω0a3 + ω0a7
p1 = ω0a0 + ω4a4 + ω2a2 + ω6a6 + ω1a1 + ω5a5 + ω3a3 + ω7a7
p2 = ω0a0 + ω0a4 + ω4a2 + ω4a6 + ω2a1 + ω2a5 + ω6a3 + ω6a7
p3 = ω0a0 + ω4a4 + ω6a2 + ω2a6 + ω3a1 + ω7a5 + ω1a3 + ω5a7
p4 = ω0a0 + ω0a4 + ω0a2 + ω0a6 + ω4a1 + ω4a5 + ω4a3 + ω4a7
p5 = ω0a0 + ω4a4 + ω2a2 + ω6a6 + ω5a1 + ω1a5 + ω7a3 + ω3a7
p6 = ω0a0 + ω0a4 + ω4a2 + ω4a6 + ω6a1 + ω6a5 + ω2a3 + ω2a7
p7 = ω0a0 + ω4a4 + ω6a2 + ω2a6 + ω7a1 + ω3a5 + ω5a3 + ω1a7

b000 = a000 b001 = a100 b010 = a010 b011 = a110
b100 = a001 b101 = a101 b110 = a011 b111 = a111
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Ïðåîáðàçîâàíèå Ôóðüå Ïðèìåð äëÿ n = 8

Ïðèìåð äëÿ n = 8

Ïåðåñòàâèì ñòîëáöû: bi = arev(i)

p0 = ω0b0 + ω0b1 + ω0b2 + ω0b3 + ω0b4 + ω0b5 + ω0b6 + ω0b7
p1 = ω0b0 + ω4b1 + ω2b2 + ω6b3 + ω1b4 + ω5b5 + ω3b6 + ω7b7
p2 = ω0b0 + ω0b1 + ω4b2 + ω4b3 + ω2b4 + ω2b5 + ω6b6 + ω6b7
p3 = ω0b0 + ω4b1 + ω6b2 + ω2b3 + ω3b4 + ω7b5 + ω1b6 + ω5b7
p4 = ω0b0 + ω0b1 + ω0b2 + ω0b3 + ω4b4 + ω4b5 + ω4b6 + ω4b7
p5 = ω0b0 + ω4b1 + ω2b2 + ω6b3 + ω5b4 + ω1b5 + ω7b6 + ω3b7
p6 = ω0b0 + ω0b1 + ω4b2 + ω4b3 + ω6b4 + ω6b5 + ω2b6 + ω2b7
p7 = ω0b0 + ω4b1 + ω6b2 + ω2b3 + ω7b4 + ω3b5 + ω5b6 + ω1b7

b0 = a0 b1 = a4 b2 = a2 b3 = a6
b4 = a1 b5 = a5 b6 = a3 b7 = a7
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Ïðåîáðàçîâàíèå Ôóðüå Ïðèìåð äëÿ n = 8

Ïðèìåð äëÿ n = 8

Ãðóïïèðóåì ïàðû ñîñåäåé! È ïîìíèì, ÷òî ω8 = ω0 = 1.

p0 = ω0(b0 + ω0b1) + ω0(b2 + ω0b3) + ω0(b4 + ω0b5) + ω0(b6 + ω0b7)
p1 = ω0(b0 + ω4b1) + ω2(b2 + ω4b3) + ω1(b4 + ω4b5) + ω3(b6 + ω4b7)
p2 = ω0(b0 + ω0b1) + ω4(b2 + ω0b3) + ω2(b4 + ω0b5) + ω6(b6 + ω0b7)
p3 = ω0(b0 + ω4b1) + ω6(b2 + ω4b3) + ω3(b4 + ω4b5) + ω1(b6 + ω4b7)
p4 = ω0(b0 + ω0b1) + ω0(b2 + ω0b3) + ω4(b4 + ω0b5) + ω4(b6 + ω0b7)
p5 = ω0(b0 + ω4b1) + ω2(b2 + ω4b3) + ω5(b4 + ω4b5) + ω7(b6 + ω4b7)
p6 = ω0(b0 + ω0b1) + ω4(b2 + ω0b3) + ω6(b4 + ω0b5) + ω2(b6 + ω0b7)
p7 = ω0(b0 + ω4b1) + ω6(b2 + ω4b3) + ω7(b4 + ω4b5) + ω5(b6 + ω4b7)

c0 = b0 + ω0b1 c1 = b0 + ω4b1 c2 = b2 + ω0b3 c3 = b2 + ω4b3
c4 = b4 + ω0b5 c5 = b4 + ω4b5 c6 = b6 + ω0b7 c7 = b6 + ω4b7
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Ïðåîáðàçîâàíèå Ôóðüå Ïðèìåð äëÿ n = 8

Ïðèìåð äëÿ n = 8

p0 = ω0c0 + ω0c2 + ω0c4 + ω0c6
p1 = ω0c1 + ω2c3 + ω1c5 + ω3c7
p2 = ω0c0 + ω4c2 + ω2c4 + ω6c6
p3 = ω0c1 + ω6c3 + ω3c5 + ω1c7
p4 = ω0c0 + ω0c2 + ω4c4 + ω4c6
p5 = ω0c1 + ω2c3 + ω5c5 + ω7c7
p6 = ω0c0 + ω4c2 + ω6c4 + ω2c6
p7 = ω0c1 + ω6c3 + ω7c5 + ω5c7
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Ïðåîáðàçîâàíèå Ôóðüå Ïðèìåð äëÿ n = 8

Ïðèìåð äëÿ n = 8

Ïðîäîëæàåì ãðóïïèðîâàòü ñîñåäíèå ýëåìåíòû...

p0 = ω0(c0 + ω0c2) + ω0(c4 + ω0c6)
p1 = ω0(c1 + ω2c3) + ω1(c5 + ω2c7)
p2 = ω0(c0 + ω4c2) + ω2(c4 + ω4c6)
p3 = ω0(c1 + ω6c3) + ω3(c5 + ω6c7)
p4 = ω0(c0 + ω0c2) + ω4(c4 + ω0c6)
p5 = ω0(c1 + ω2c3) + ω5(c5 + ω2c7)
p6 = ω0(c0 + ω4c2) + ω6(c4 + ω4c6)
p7 = ω0(c1 + ω6c3) + ω7(c5 + ω6c7)

d0 = c0 + ω0c2 d1 = c1 + ω2c3 d2 = c0 + ω4c2 d3 = c1 + ω6c3
d4 = c4 + ω0c6 d5 = c5 + ω2c7 d6 = c4 + ω4c6 d7 = c5 + ω6c7
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Ïðåîáðàçîâàíèå Ôóðüå Ïðèìåð äëÿ n = 8

Ïðèìåð äëÿ n = 8

p0 = ω0d0 + ω0d4
p1 = ω0d1 + ω1d5
p2 = ω0d2 + ω2d6
p3 = ω0d3 + ω3d7
p4 = ω0d0 + ω4d4
p5 = ω0d1 + ω5d5
p6 = ω0d2 + ω6d6
p7 = ω0d3 + ω7d7
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Ïðåîáðàçîâàíèå Ôóðüå Ïðèìåð äëÿ n = 8

Ïðèìåð äëÿ n = 8

È åù¼ ðàç...

p0 = ω0(d0 + ω0d4)
p1 = ω0(d1 + ω1d5)
p2 = ω0(d2 + ω2d6)
p3 = ω0(d3 + ω3d7)
p4 = ω0(d0 + ω4d4)
p5 = ω0(d1 + ω5d5)
p6 = ω0(d2 + ω6d6)
p7 = ω0(d3 + ω7d7)

e0 = d0 + ω0d4 e1 = d1 + ω1d5 e2 = d2 + ω2d6 e3 = d3 + ω3d7
e4 = d0 + ω4d4 e5 = d1 + ω5d5 e6 = d2 + ω6d6 e7 = d3 + ω7d7
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Ïðåîáðàçîâàíèå Ôóðüå Ïðèìåð äëÿ n = 8

Ïðèìåð äëÿ n = 8

p0 = ω0e0
p1 = ω0e1
p2 = ω0e2
p3 = ω0e3
p4 = ω0e4
p5 = ω0e5
p6 = ω0e6
p7 = ω0e7
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Ïðåîáðàçîâàíèå Ôóðüå Ïðèìåð äëÿ n = 8

Ïðèìåð äëÿ n = 8

Ïîëó÷èëîñü log2 n øàãîâ.

p0 = e0
p1 = e1
p2 = e2
p3 = e3
p4 = e4
p5 = e5
p6 = e6
p7 = e7
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Ïðåîáðàçîâàíèå Ôóðüå Êîä

Êîä

1 int const logLimit = 3;

2 int const limit = 1 << logLimit;

3

4 vector <int> rev;

5

6 void calcRev () {

7 rev = vector <int> (limit, 0);

8 for (int i = 0; i < limit; i++)

9 for (int k = 0; k < logLimit; k++)

10 if (i & (1 << k))

11 rev[i] ^= 1 << (logLimit - k - 1);

12 }

13

14 using Num = complex <double>;

15

16 double const Pi = acos (-1.0);

17

18 vector <Num> z;

19

20 void calcZ () {

21 z = vector <Num> (limit);

22 for (int i = 0; i < limit; i++)

23 z[i] = Num (cos (i * 2 * Pi / limit),

24 sin (i * 2 * Pi / limit));

25 }

rev[0] = 0

rev[1] = 4

rev[2] = 2

rev[3] = 6

rev[4] = 1

rev[5] = 5

rev[6] = 3

rev[7] = 7

z[0] = (1,0)

z[1] = (0.707107,0.707107)

z[2] = (6.12303e-017,1)

z[3] = (-0.707107,0.707107)

z[4] = (-1,1.22461e-016)

z[5] = (-0.707107,-0.707107)

z[6] = (-1.83691e-016,-1)

z[7] = (0.707107,-0.707107)
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Ïðåîáðàçîâàíèå Ôóðüå Êîä

Êîä

1 #include <cmath>

2 #include <complex>

3 #include <iostream>

4 #include <vector>

5 using namespace std;

6

7 // ...

8

9 int main () {

10 calcRev ();

11 calcZ ();

12 vector <Num> a (limit, Num (0));

13 int m;

14 cin >> m;

15 for (int i = 0; i < m; i++) {

16 int x;

17 cin >> x;

18 a[i] = Num (x);

19 }

20 auto res = fft (a);

21 for (int i = 0; i < limit; i++)

22 cout << res[i] << endl;

23 return 0;

24 }

Ââîä:

4

1 0 3 2

Âûâîä:

(6,0)

(-0.414214,4.41421)

(-2,-2)

(2.41421,-1.58579)

(2,2.44921e-016)

(2.41421,1.58579)

(-2,2)

(-0.414214,-4.41421)
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Ïðåîáðàçîâàíèå Ôóðüå Êîä

Êîä

1 vector <Num> fft (const vector <Num> & a0) {

2 vector <Num> a = a0;

3 for (int i = 0; i < limit; i++)

4 if (i < rev[i])

5 swap (a[i], a[rev[i]]);

6 for (int k = 0, span = 1, step = limit / 2;

7 k < logLimit; k++, span *= 2, step /= 2) {

8 for (int i = 0; i < limit; i += 2 * span)

9 for (int j = 0; j < span; j++) {

10 int u = i + j;

11 int v = i + j + span;

12 Num x = a[u] + a[v] *

13 z[j * step];

14 Num y = a[u] + a[v] *

15 z[j * step + limit / 2];

16 a[u] = x;

17 a[v] = y;

18 }

19 }

20 return a;

21 }

Ââîä:

4

1 0 3 2

Âûâîä:

(6,0)

(-0.414214,4.41421)

(-2,-2)

(2.41421,-1.58579)

(2,2.44921e-016)

(2.41421,1.58579)

(-2,2)

(-0.414214,-4.41421)

k = 0, span = 1, step = 4

a[0] = a[0] + a[1] * z[0]

a[1] = a[0] + a[1] * z[4]

a[2] = a[2] + a[3] * z[0]

a[3] = a[2] + a[3] * z[4]

a[4] = a[4] + a[5] * z[0]

a[5] = a[4] + a[5] * z[4]

a[6] = a[6] + a[7] * z[0]

a[7] = a[6] + a[7] * z[4]

Èâàí Êàçìåíêî et al. (ÌÊÍ ÑÏáÃÓ) Äèñêðåòíîå ïðåîáðàçîâàíèå Ôóðüå 25.02.2026 11 / 20



Ïðåîáðàçîâàíèå Ôóðüå Êîä

Êîä

1 vector <Num> fft (const vector <Num> & a0) {

2 vector <Num> a = a0;

3 for (int i = 0; i < limit; i++)

4 if (i < rev[i])

5 swap (a[i], a[rev[i]]);

6 for (int k = 0, span = 1, step = limit / 2;

7 k < logLimit; k++, span *= 2, step /= 2) {

8 for (int i = 0; i < limit; i += 2 * span)

9 for (int j = 0; j < span; j++) {

10 int u = i + j;

11 int v = i + j + span;

12 Num x = a[u] + a[v] *

13 z[j * step];

14 Num y = a[u] + a[v] *

15 z[j * step + limit / 2];

16 a[u] = x;

17 a[v] = y;

18 }

19 }

20 return a;

21 }

Ââîä:

4

1 0 3 2

Âûâîä:

(6,0)

(-0.414214,4.41421)

(-2,-2)

(2.41421,-1.58579)

(2,2.44921e-016)

(2.41421,1.58579)

(-2,2)

(-0.414214,-4.41421)

k = 1, span = 2, step = 2

a[0] = a[0] + a[2] * z[0]

a[2] = a[0] + a[2] * z[4]

a[1] = a[1] + a[3] * z[2]

a[3] = a[1] + a[3] * z[6]

a[4] = a[4] + a[6] * z[0]

a[6] = a[4] + a[6] * z[4]

a[5] = a[5] + a[7] * z[2]

a[7] = a[5] + a[7] * z[6]
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Ïðåîáðàçîâàíèå Ôóðüå Êîä

Êîä

1 vector <Num> fft (const vector <Num> & a0) {

2 vector <Num> a = a0;

3 for (int i = 0; i < limit; i++)

4 if (i < rev[i])

5 swap (a[i], a[rev[i]]);

6 for (int k = 0, span = 1, step = limit / 2;

7 k < logLimit; k++, span *= 2, step /= 2) {

8 for (int i = 0; i < limit; i += 2 * span)

9 for (int j = 0; j < span; j++) {

10 int u = i + j;

11 int v = i + j + span;

12 Num x = a[u] + a[v] *

13 z[j * step];

14 Num y = a[u] + a[v] *

15 z[j * step + limit / 2];

16 a[u] = x;

17 a[v] = y;

18 }

19 }

20 return a;

21 }

Ââîä:

4

1 0 3 2

Âûâîä:

(6,0)

(-0.414214,4.41421)

(-2,-2)

(2.41421,-1.58579)

(2,2.44921e-016)

(2.41421,1.58579)

(-2,2)

(-0.414214,-4.41421)

k = 2, span = 4, step = 1

a[0] = a[0] + a[4] * z[0]

a[4] = a[0] + a[4] * z[4]

a[1] = a[1] + a[5] * z[1]

a[5] = a[1] + a[5] * z[5]

a[2] = a[2] + a[6] * z[2]

a[6] = a[2] + a[6] * z[6]

a[3] = a[3] + a[7] * z[3]

a[7] = a[3] + a[7] * z[7]
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Ïðåîáðàçîâàíèå Ôóðüå Êîä

Êîä

1 vector <Num> fftSlow (const vector <Num> & a0) {

2 vector <Num> res (limit, Num (0));

3 for (int i = 0; i < limit; i++)

4 for (int j = 0; j < int (a0.size ()); j++)

5 res[i] += a0[j] * z[(j * i) % limit];

6 return res;

7 }

Ââîä:

4

1 0 3 2

Âûâîä:

(6,0)

(-0.414214,4.41421)

(-2,-2)

(2.41421,-1.58579)

(2,2.44921e-016)

(2.41421,1.58579)

(-2,2)

(-0.414214,-4.41421)
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Ïðåîáðàçîâàíèå Ôóðüå Îáðàòíîå ïðåîáðàçîâàíèå

Îáðàòíîå ïðåîáðàçîâàíèå

Êàê ñäåëàòü îáðàòíîå ïðåîáðàçîâàíèå?
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Ïðåîáðàçîâàíèå Ôóðüå Îáðàòíîå ïðåîáðàçîâàíèå

Îáðàòíîå ïðåîáðàçîâàíèå

Êàê ñäåëàòü îáðàòíîå ïðåîáðàçîâàíèå?

Óìíîæèòü íà îáðàòíóþ ìàòðèöó.
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Ïðåîáðàçîâàíèå Ôóðüå Îáðàòíîå ïðåîáðàçîâàíèå

Îáðàòíîå ïðåîáðàçîâàíèå

Êàê ñäåëàòü îáðàòíîå ïðåîáðàçîâàíèå?

Óìíîæèòü íà îáðàòíóþ ìàòðèöó.
P(ω0)
P(ω1)
P(ω2)
P(ω3)

 =


ω0·0 ω0·1 ω0·2 ω0·3

ω1·0 ω1·1 ω1·2 ω1·3

ω2·0 ω2·1 ω2·2 ω2·3

ω3·0 ω3·1 ω3·2 ω3·3

 ·


a0
a1
a2
a3


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Ïðåîáðàçîâàíèå Ôóðüå Îáðàòíîå ïðåîáðàçîâàíèå

Îáðàòíîå ïðåîáðàçîâàíèå

Êàê ñäåëàòü îáðàòíîå ïðåîáðàçîâàíèå?

Óìíîæèòü íà îáðàòíóþ ìàòðèöó.
a0
a1
a2
a3

 =


ω0·0 ω0·1 ω0·2 ω0·3

ω1·0 ω1·1 ω1·2 ω1·3

ω2·0 ω2·1 ω2·2 ω2·3

ω3·0 ω3·1 ω3·2 ω3·3


−1

·


P(ω0)
P(ω1)
P(ω2)
P(ω3)


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Ïðåîáðàçîâàíèå Ôóðüå Îáðàòíîå ïðåîáðàçîâàíèå

Îáðàòíîå ïðåîáðàçîâàíèå

Êàê ñäåëàòü îáðàòíîå ïðåîáðàçîâàíèå?

Óìíîæèòü íà îáðàòíóþ ìàòðèöó.

Çàìåòèì, ÷òî:
ω0·0 ω0·1 ω0·2 ω0·3

ω1·0 ω1·1 ω1·2 ω1·3

ω2·0 ω2·1 ω2·2 ω2·3

ω3·0 ω3·1 ω3·2 ω3·3

 ·


ω−0·0 ω−0·1 ω−0·2 ω−0·3

ω−1·0 ω−1·1 ω−1·2 ω−1·3

ω−2·0 ω−2·1 ω−2·2 ω−2·3

ω−3·0 ω−3·1 ω−3·2 ω−3·3

 =
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Îáðàòíîå ïðåîáðàçîâàíèå

Êàê ñäåëàòü îáðàòíîå ïðåîáðàçîâàíèå?

Óìíîæèòü íà îáðàòíóþ ìàòðèöó.

Çàìåòèì, ÷òî:
ω0·0 ω0·1 ω0·2 ω0·3

ω1·0 ω1·1 ω1·2 ω1·3

ω2·0 ω2·1 ω2·2 ω2·3

ω3·0 ω3·1 ω3·2 ω3·3

 ·


ω−0·0 ω−0·1 ω−0·2 ω−0·3

ω−1·0 ω−1·1 ω−1·2 ω−1·3

ω−2·0 ω−2·1 ω−2·2 ω−2·3

ω−3·0 ω−3·1 ω−3·2 ω−3·3

 =

=


n 0 0 0

0 n 0 0

0 0 n 0

0 0 0 n


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Îáðàòíîå ïðåîáðàçîâàíèå

Êàê ñäåëàòü îáðàòíîå ïðåîáðàçîâàíèå?

Óìíîæèòü íà îáðàòíóþ ìàòðèöó.

Ïîýòîìó:
ω0·0 ω0·1 ω0·2 ω0·3

ω1·0 ω1·1 ω1·2 ω1·3

ω2·0 ω2·1 ω2·2 ω2·3

ω3·0 ω3·1 ω3·2 ω3·3


−1

=
1

n
·


ω−0·0 ω−0·1 ω−0·2 ω−0·3

ω−1·0 ω−1·1 ω−1·2 ω−1·3

ω−2·0 ω−2·1 ω−2·2 ω−2·3

ω−3·0 ω−3·1 ω−3·2 ω−3·3


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Îáðàòíîå ïðåîáðàçîâàíèå

Êàê ñäåëàòü îáðàòíîå ïðåîáðàçîâàíèå?

Óìíîæèòü íà îáðàòíóþ ìàòðèöó.

Ïîýòîìó:
ω0·0 ω0·1 ω0·2 ω0·3

ω1·0 ω1·1 ω1·2 ω1·3

ω2·0 ω2·1 ω2·2 ω2·3

ω3·0 ω3·1 ω3·2 ω3·3


−1

=
1

n
·


ω−0·0 ω−0·1 ω−0·2 ω−0·3

ω−1·0 ω−1·1 ω−1·2 ω−1·3

ω−2·0 ω−2·1 ω−2·2 ω−2·3

ω−3·0 ω−3·1 ω−3·2 ω−3·3


Çàìåòèì åù¼, ÷òî ω−k = ωn−k.
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Ïðåîáðàçîâàíèå Ôóðüå Êîä îáðàòíîãî ïðåîáðàçîâàíèÿ

Êîä îáðàòíîãî ïðåîáðàçîâàíèÿ

1 vector <Num> fft (const vector <Num> & a0, bool inv = false) {

2 vector <Num> a = a0;

3 for (int i = 0; i < limit; i++)

4 if (i < rev[i])

5 swap (a[i], a[rev[i]]);

6 if (inv)

7 reverse (z.begin () + 1, z.end ());

8 for (int k = 0, span = 1, step = limit / 2; k < logLimit;

9 k++, span *= 2, step /= 2) {

10 for (int i = 0; i < limit; i += 2 * span)

11 for (int j = 0; j < span; j++) {

12 int u = i + j;

13 int v = i + j + span;

14 Num x = a[u] + a[v] * z[j * step];

15 Num y = a[u] + a[v] * z[j * step + limit / 2];

16 a[u] = x;

17 a[v] = y;

18 }

19 }

20 if (inv) {

21 reverse (z.begin () + 1, z.end ());

22 for (int i = 0; i < limit; i++)

23 a[i] /= limit;

24 }

25 return a;

26 }

Ââîä:

4

1 0 3 2

Âûâîä:

(1,2.5266e-016)

(-2.35514e-016,2.58379e-016)

(3,-6.66974e-016)

(2,-6.96749e-016)

(1.66533e-016,9.18455e-017)

(2.35514e-016,2.58379e-016)

(0,2.00008e-016)

(0,1.91429e-016)
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Çàäà÷è

Ñîäåðæàíèå

1 Óìíîæåíèå ìíîãî÷ëåíîâ

Ìîòèâèðóþùàÿ çàäà÷à

Êàê çàäàòü ìíîãî÷ëåí

Êàê ïåðåìíîæèòü ìíîãî÷ëåíû

Êàê óìíîæàòü áûñòðåå

2 Ïðåîáðàçîâàíèå Ôóðüå

Êàê âûáðàòü òî÷êè

Ïðèìåð äëÿ n = 8

Êîä

Îáðàòíîå ïðåîáðàçîâàíèå

Êîä îáðàòíîãî ïðåîáðàçîâàíèÿ

3 Çàäà÷è

Óìíîæåíèå ÷èñåë

Öèêëè÷åñêèå ñòðîêè
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Çàäà÷è Óìíîæåíèå ÷èñåë

Óìíîæåíèå ÷èñåë

Çàäàíû äâà ÷èñëà. Íàéäèòå èõ ïðîèçâåäåíèå.
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Çàäà÷è Óìíîæåíèå ÷èñåë

Óìíîæåíèå ÷èñåë

Çàäàíû äâà ÷èñëà. Íàéäèòå èõ ïðîèçâåäåíèå.

Áóäåì ñ÷èòàòü, ÷òî ÷èñëî� ýòî ìíîãî÷ëåí, åãî

êîýôôèöèåíòû�öèôðû.

Íàïðèìåð, 123 = 1 · x2 + 2 · x1 + 3 · x0.
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Çàäà÷è Óìíîæåíèå ÷èñåë

Óìíîæåíèå ÷èñåë

Çàäàíû äâà ÷èñëà. Íàéäèòå èõ ïðîèçâåäåíèå.

Áóäåì ñ÷èòàòü, ÷òî ÷èñëî� ýòî ìíîãî÷ëåí, åãî

êîýôôèöèåíòû�öèôðû.

Íàïðèìåð, 123 = 1 · x2 + 2 · x1 + 3 · x0.
Íàéä¼ì ïðîèçâåäåíèå ìíîãî÷ëåíîâ:

987 · 123 = (9x2 + 8x+ 7) · (1x2 + 2x+ 3).
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Íàïðèìåð, 123 = 1 · x2 + 2 · x1 + 3 · x0.
Íàéä¼ì ïðîèçâåäåíèå ìíîãî÷ëåíîâ:

987 · 123 = (9x2 + 8x+ 7) · (1x2 + 2x+ 3).

Ïîëó÷èòñÿ

(9 ·1)x4+(9 ·2+8 ·1)x3+(9 ·3+8 ·2+7 ·1)x2+(8 ·3+7 ·2)x+(7 ·3).
Ýòî ðàâíî 9x4 + 26x3 + 50x2 + 38x+ 21.
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Çàäà÷è Óìíîæåíèå ÷èñåë

Óìíîæåíèå ÷èñåë

Çàäàíû äâà ÷èñëà. Íàéäèòå èõ ïðîèçâåäåíèå.

Áóäåì ñ÷èòàòü, ÷òî ÷èñëî� ýòî ìíîãî÷ëåí, åãî

êîýôôèöèåíòû�öèôðû.

Íàïðèìåð, 123 = 1 · x2 + 2 · x1 + 3 · x0.
Íàéä¼ì ïðîèçâåäåíèå ìíîãî÷ëåíîâ:

987 · 123 = (9x2 + 8x+ 7) · (1x2 + 2x+ 3).

Ïîëó÷èòñÿ

(9 ·1)x4+(9 ·2+8 ·1)x3+(9 ·3+8 ·2+7 ·1)x2+(8 ·3+7 ·2)x+(7 ·3).
Ýòî ðàâíî 9x4 + 26x3 + 50x2 + 38x+ 21.

Òåïåðü ïðîéä¼ì îò ìëàäøèõ öèôð ê ñòàðøèì è ñäåëàåì

ïåðåíîñû:

21+ 0 = 21 → 1; 38+ 2 = 40 → 0; 50+ 4 = 54 → 4;

26+ 5 = 31 → 1; 9+ 3 = 12 → 2; 0+ 1 = 1 → 1.

Îòâåò: 121 401.
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Çàäà÷è Óìíîæåíèå ÷èñåë

Êîä

1 vector <Num> readNumber ()

2 {

3 string s;

4 cin >> s;

5 vector <Num> res (limit, Num (0));

6 int n = int (s.size ());

7 for (int i = 0; i < n; i++)

8 res[i] = Num (s[n - 1 - i] - '0');
9 return res;

10 }

Ââîä:

987

123

Âûâîä:

121401
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Çàäà÷è Óìíîæåíèå ÷èñåë

Êîä

1 auto a = readNumber ();

2 auto b = readNumber ();

3

4 auto fa = fft (a);

5 auto fb = fft (b);

6 auto fc = vector <Num> (limit);

7 for (int i = 0; i < limit; i++)

8 fc[i] = fa[i] * fb[i];

9 auto c = fft (fc, true);

10

11 vector <int> res (limit);

12 long long carry = 0;

13 for (int i = 0; i < limit; i++) {

14 carry += (long long) (c[i].real () + 0.5);

15 res[i] = carry % 10;

16 carry /= 10;

17 }

18

19 bool started = false;

20 for (int i = limit - 1; i >= 0; i--) {

21 started |= (i == 0) | (res[i] != 0);

22 if (started)

23 cout << res[i];

24 }

25 cout << endl;

Ââîä:

987

123

Âûâîä:

121401
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Çàäà÷è Öèêëè÷åñêèå ñòðîêè

Öèêëè÷åñêèå ñòðîêè

Åñòü äâå öèêëè÷åñêèå ñòðîêè äëèíû n = 2k èç íóëåé è åäèíèö.

Îíè çàïèñûâàþòñÿ îäíà ïîä äðóãîé, è åäèíèöû ñâåðõó è ñíèçó

ñîâìåùàþòñÿ. Êàê èõ ïîâåðíóòü, ÷òîáû ñîâìåñòèòü êàê ìîæíî

áîëüøå åäèíèö?
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Çàäà÷è Öèêëè÷åñêèå ñòðîêè

Öèêëè÷åñêèå ñòðîêè

Åñòü äâå öèêëè÷åñêèå ñòðîêè äëèíû n = 2k èç íóëåé è åäèíèö.

Îíè çàïèñûâàþòñÿ îäíà ïîä äðóãîé, è åäèíèöû ñâåðõó è ñíèçó

ñîâìåùàþòñÿ. Êàê èõ ïîâåðíóòü, ÷òîáû ñîâìåñòèòü êàê ìîæíî

áîëüøå åäèíèö?

Ïðèìåð: s = 10110010, t = 01010111. Çàôèêñèðóåì s è áóäåì

öèêëè÷åñêè äâèãàòü t âïðàâî:
s0 = 10110010

t0 = 01010111

t1 = 10101011

t2 = 11010101

t3 = 11101010

t4 = 01110101

t5 = 10111010

t6 = 01011101

t7 = 10101110
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Åñòü äâå öèêëè÷åñêèå ñòðîêè äëèíû n = 2k èç íóëåé è åäèíèö.

Îíè çàïèñûâàþòñÿ îäíà ïîä äðóãîé, è åäèíèöû ñâåðõó è ñíèçó

ñîâìåùàþòñÿ. Êàê èõ ïîâåðíóòü, ÷òîáû ñîâìåñòèòü êàê ìîæíî

áîëüøå åäèíèö?

Ïðèìåð: s = 10110010, t = 01010111. Çàôèêñèðóåì s è áóäåì

öèêëè÷åñêè äâèãàòü t âïðàâî:
s0 = 10110010 Îòâåò:

t0 = 01010111 2

t1 = 10101011 3

t2 = 11010101 2

t3 = 11101010 3

t4 = 01110101 2

t5 = 10111010 4

t6 = 01011101 1

t7 = 10101110 3
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Çàäà÷è Öèêëè÷åñêèå ñòðîêè

Öèêëè÷åñêèå ñòðîêè

Åñòü äâå öèêëè÷åñêèå ñòðîêè äëèíû n = 2k èç íóëåé è åäèíèö.

Îíè çàïèñûâàþòñÿ îäíà ïîä äðóãîé, è åäèíèöû ñâåðõó è ñíèçó

ñîâìåùàþòñÿ. Êàê èõ ïîâåðíóòü, ÷òîáû ñîâìåñòèòü êàê ìîæíî

áîëüøå åäèíèö?

Îòâåò: åñëè ñäâèíóòü t íà 5 ïîçèöèé âïðàâî, ïîëó÷èòñÿ

ñîâìåñòèòü 4 åäèíèöû.

Ýòà ïðîâåðêà çàíèìàåò O(n2) âðåìåíè�ìîæíî ëè áûñòðåå?
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Çàäà÷è Öèêëè÷åñêèå ñòðîêè

Ðåøåíèå

Ðåøåíèå:

Ïðåäñòàâèì s è t êàê ìíîãî÷ëåíû ñ êîýôôèöèåíòàìè 0 è 1.

Õî÷åòñÿ ñäåëàòü òàê, ÷òîáû êîýôôèöèåíò ó ïðîèçâåäåíèÿ

ìíîãî÷ëåíîâ áûë ðàâåí êîëè÷åñòâó ñîâïàäàþùèõ åäèíèö.

Ïóñòü ìû ñäâèíóëè t íà k ïîçèöèé âïðàâî. Òîãäà îòâåò

ðàâåí s0tk + s1tk+1 + . . .+ sn−1tk−1.
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Çàäà÷è Öèêëè÷åñêèå ñòðîêè

Ðåøåíèå

Ðåøåíèå:

Ïðåäñòàâèì s è t êàê ìíîãî÷ëåíû ñ êîýôôèöèåíòàìè 0 è 1.

Õî÷åòñÿ ñäåëàòü òàê, ÷òîáû êîýôôèöèåíò ó ïðîèçâåäåíèÿ
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Ïóñòü ìû ñäâèíóëè t íà k ïîçèöèé âïðàâî. Òîãäà îòâåò

ðàâåí s0tk + s1tk+1 + . . .+ sn−1tk−1.

Ïåðåâåðí¼ì ìíîãî÷ëåí äëÿ ñòðîêè t�âñ¼, êðîìå íóëåâîãî

ýëåìåíòà.

Ïðèìåð: s = 10110010, t = 01010111.

S(x) = 1x0 + 0x1 + 1x2 + 1x3 + 0x4 + 0x5 + 1x6 + 0x7.

T(x) = 0x0 + 1x7 + 0x6 + 1x5 + 0x4 + 1x3 + 1x2 + 1x1.

Òåïåðü îòâåò äëÿ ñäâèãà k = 7� ýòî S0T7 + S1T6 + . . .+ S7T0,

òî åñòü êîýôôèöèåíò â ïðîèçâåäåíèè ïðè x7.
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ðàâåí s0tk + s1tk+1 + . . .+ sn−1tk−1.

Ïåðåâåðí¼ì ìíîãî÷ëåí äëÿ ñòðîêè t�âñ¼, êðîìå íóëåâîãî

ýëåìåíòà.

Ïðèìåð: s = 10110010, t = 01010111.

S(x) = 1x0 + 0x1 + 1x2 + 1x3 + 0x4 + 0x5 + 1x6 + 0x7.

T(x) = 0x0 + 1x7 + 0x6 + 1x5 + 0x4 + 1x3 + 1x2 + 1x1.

Òåïåðü îòâåò äëÿ ñäâèãà k = 7� ýòî S0T7 + S1T6 + . . .+ S7T0,

òî åñòü êîýôôèöèåíò â ïðîèçâåäåíèè ïðè x7.

À ÷òî ñ îñòàëüíûìè? Íàïðèìåð, ïðè k = 5 îòâåò� ýòî

S0T5 + S1T4 + S2T3 + S3T2 + S4T1 + S5T0 + S6T7 + S7T6.
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Çàäà÷è Öèêëè÷åñêèå ñòðîêè

Ðåøåíèå
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À ÷òî ñ îñòàëüíûìè? Íàïðèìåð, ïðè k = 5 îòâåò� ýòî

S0T5 + S1T4 + S2T3 + S3T2 + S4T1 + S5T0 + S6T7 + S7T6.

Åñëè äåëàòü ñâ¼ðòêó ðîâíî äëÿ n ýëåìåíòîâ, èíäåêñû

ïîëó÷èòñÿ âçÿòü ïî ìîäóëþ àâòîìàòè÷åñêè!
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Çàäà÷è Öèêëè÷åñêèå ñòðîêè

Êîä

1 string s, t;

2 cin >> s >> t;

3 limit = int (s.size ());

4 logLimit = int (log2 (limit) + 0.5);

5 calcRev ();

6 calcZ ();

Ââîä:

10110010

01010111

Âûâîä:

0: 2

1: 3

2: 2

3: 3

4: 2

5: 4

6: 1

7: 3

best = 4

pos = 5

Èâàí Êàçìåíêî et al. (ÌÊÍ ÑÏáÃÓ) Äèñêðåòíîå ïðåîáðàçîâàíèå Ôóðüå 25.02.2026 19 / 20



Çàäà÷è Öèêëè÷åñêèå ñòðîêè

Êîä

1 reverse (t.begin () + 1, t.end ());

2 vector <Num> a (limit), b (limit);

3 for (int i = 0; i < limit; i++) {

4 a[i] = Num (s[i] - '0');
5 b[i] = Num (t[i] - '0');
6 }

7

8 auto fa = fft (a);

9 auto fb = fft (b);

10 auto fc = vector <Num> (limit);

11 for (int i = 0; i < limit; i++)

12 fc[i] = fa[i] * fb[i];

13 auto c = fft (fc, true);

14 vector <int> res (limit);

15 for (int i = 0; i < limit; i++)

16 res[i] = int (c[i].real () + 0.5);

17

18 for (int i = 0; i < limit; i++)

19 cout << i << ": " << res[i] << endl;

20 auto pos = max_element (res.begin (), res.end ());

21 cout << "best = " << *pos << endl;

22 cout << "pos = " << pos - res.begin () << endl;

Ââîä:

10110010

01010111

Âûâîä:

0: 2

1: 3

2: 2

3: 3

4: 2

5: 4

6: 1

7: 3

best = 4

pos = 5

Èâàí Êàçìåíêî et al. (ÌÊÍ ÑÏáÃÓ) Äèñêðåòíîå ïðåîáðàçîâàíèå Ôóðüå 25.02.2026 19 / 20



Çàâåðøåíèå

Âîïðîñû?

Âîïðîñû?
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