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Ââåäåíèå Îïðåäåëåíèÿ

Îïðåäåëåíèÿ

Ïîäñòðîêà� ýòî ïîñëåäîâàòåëüíîñòü ñîñåäíèõ ñèìâîëîâ

ñòðîêè.
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Ââåäåíèå Îïðåäåëåíèÿ

Îïðåäåëåíèÿ

Ïîäñòðîêà� ýòî ïîñëåäîâàòåëüíîñòü ñîñåäíèõ ñèìâîëîâ

ñòðîêè.

Íàïðèìåð, ó ñòðîêè ¾abcad¿ åñòü òàêèå ïîäñòðîêè:

¾¿ (ïóñòàÿ ñòðîêà),

¾abcad¿ (âñÿ ñòðîêà),

¾abc¿,

¾ca¿.
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Íàïðèìåð, ó ñòðîêè ¾abcad¿ åñòü òàêèå ïîäñòðîêè:

¾¿ (ïóñòàÿ ñòðîêà),

¾abcad¿ (âñÿ ñòðîêà),

¾abc¿,

¾ca¿.

À ñëåäóþùèå ñòðîêè å¼ ïîäñòðîêàìè íå ÿâëÿþòñÿ:

¾e¿ (íåò òàêîé áóêâû),

¾aa¿ (íå ñîñåäíèå),

¾bcd¿.
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Îïðåäåëåíèÿ
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¾ca¿.

À ñëåäóþùèå ñòðîêè å¼ ïîäñòðîêàìè íå ÿâëÿþòñÿ:

¾e¿ (íåò òàêîé áóêâû),

¾aa¿ (íå ñîñåäíèå),

¾bcd¿.

Ïðåôèêñ� ýòî ïîäñòðîêà, íà÷èíàþùàÿñÿ â íà÷àëå ñòðîêè.

Ñóôôèêñ�ïîäñòðîêà, çàêàí÷èâàþùàÿñÿ â êîíöå ñòðîêè.

Ñîáñòâåííûé ïðåôèêñ èëè ñóôôèêñ� ýòî ïðåôèêñ èëè

ñóôôèêñ, íå ñîâïàäàþùèé ñ ñàìîé ñòðîêîé.
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Ââåäåíèå Çàäà÷à

Çàäà÷à

Çàäà÷à:

Äàíû ñòðîêà S è òåêñò T .

Ñîäåðæèòñÿ ëè S â T êàê ïîäñòðîêà?
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Ââåäåíèå Çàäà÷à

Çàäà÷à

Çàäà÷à:

Äàíû ñòðîêà S è òåêñò T .

Ñîäåðæèòñÿ ëè S â T êàê ïîäñòðîêà?

Âàðèàíòû:

óñòàíîâèòü ôàêò,

íàéòè ïåðâîå èëè ëþáîå âõîæäåíèå,

íàéòè âñå âõîæäåíèÿ.
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Ââåäåíèå Çàäà÷à

Çàäà÷à

Çàäà÷à:

Äàíû ñòðîêà S è òåêñò T .

Ñîäåðæèòñÿ ëè S â T êàê ïîäñòðîêà?

Âàðèàíòû:

óñòàíîâèòü ôàêò,

íàéòè ïåðâîå èëè ëþáîå âõîæäåíèå,

íàéòè âñå âõîæäåíèÿ.

Ïðèìåðû:

S = ¾aba¿, T = ¾ababa¿ (2 âõîæäåíèÿ).

S = ¾aba¿, T = ¾aabba¿ (0 âõîæäåíèé).

S = ¾aba¿, T = ¾abaababaababa¿ (5 âõîæäåíèé).
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Ââåäåíèå Íàèâíîå ðåøåíèå

Íàèâíîå ðåøåíèå

Ïóñòü |S| = m è |T | = n. Íàèâíîå ðåøåíèå çà O(mn):

Ñðàâíèì S0S1 . . . Sm−1 è T0T1 . . .Tm−1.

Ñðàâíèì S0S1 . . . Sm−1 è T1T2 . . .Tm.

Ñðàâíèì S0S1 . . . Sm−1 è T2T3 . . .Tm+1.

. . .

Ñðàâíèì S0S1 . . . Sm−1 è Tn−mTn−m+1 . . .Tn−1.
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Ââåäåíèå Íàèâíîå ðåøåíèå

Íàèâíîå ðåøåíèå

Ïóñòü |S| = m è |T | = n. Íàèâíîå ðåøåíèå çà O(mn):

Ñðàâíèì S0S1 . . . Sm−1 è T0T1 . . .Tm−1.

Ñðàâíèì S0S1 . . . Sm−1 è T1T2 . . .Tm.

Ñðàâíèì S0S1 . . . Sm−1 è T2T3 . . .Tm+1.

. . .

Ñðàâíèì S0S1 . . . Sm−1 è Tn−mTn−m+1 . . .Tn−1.

Ïðèìåð 1:

T = ¾ababa¿

S = ¾aba¿

T0T1T2 = ¾aba¿, íàøëè

T1T2T3 = ¾bab¿

T2T3T4 = ¾aba¿, íàøëè
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Íàèâíîå ðåøåíèå

Ïóñòü |S| = m è |T | = n. Íàèâíîå ðåøåíèå çà O(mn):

Ñðàâíèì S0S1 . . . Sm−1 è T0T1 . . .Tm−1.

Ñðàâíèì S0S1 . . . Sm−1 è T1T2 . . .Tm.

Ñðàâíèì S0S1 . . . Sm−1 è T2T3 . . .Tm+1.

. . .

Ñðàâíèì S0S1 . . . Sm−1 è Tn−mTn−m+1 . . .Tn−1.

Ïðèìåð 2:

T = ¾aa...abaa...a¿

S = ¾aa...aa¿

T0T1 . . .Tm−1 = ¾aa...ab¿

T1T2 . . .Tm = ¾aa...ba¿

. . .

Tm−1Tm . . .Tn−1 = ¾baa...a¿
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Ââåäåíèå Íàèâíûé àëãîðèòì: êîä

Íàèâíûé àëãîðèòì: êîä

1 vector <int> findNaive (string s, string t) {

2 vector <int> res;

3 int m = s.size (), n = t.size ();

4 for (int i = 0; i + m <= n; i++) {

5 bool found = true;

6 for (int j = 0; j < m; j++)

7 if (s[j] != t[i + j]) {

8 found = false;

9 break;

10 }

11 if (found)

12 res.push_back (i + 1);

13 }

14 return res;

15 }

Ââîä:

aba

ababaaba

Âûâîä:

1 3 6
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Ââåäåíèå Íàèâíûé àëãîðèòì: êîä

Íàèâíûé àëãîðèòì: êîä

1 vector <int> findNaive (string s, string t) {

2 vector <int> res;

3 int m = s.size (), n = t.size ();

4 for (int i = 0; i + m <= n; i++) {

5 bool found = true;

6 for (int j = 0; j < m; j++)

7 if (s[j] != t[i + j]) {

8 found = false;

9 break;

10 }

11 if (found)

12 res.push_back (i + 1);

13 }

14 return res;

15 }

Ââîä:

abb

ababaaba

Âûâîä:

none
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Õåøèðîâàíèå ñòðîê Èäåÿ

Èäåÿ

Èäåÿ:

Ñîïîñòàâèì êàæäîé âîçìîæíîé ñòðîêå ñëó÷àéíîå ÷èñëî.

Âìåñòî òîãî, ÷òîáû ñðàâíèâàòü ñòðîêè, ñðàâíèì ÷èñëà.
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Èäåÿ

Èäåÿ:
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Âìåñòî òîãî, ÷òîáû ñðàâíèâàòü ñòðîêè, ñðàâíèì ÷èñëà.

Åñëè ÷èñëà íå ðàâíû, ñòðîêè òî÷íî íå ðàâíû.

Èâàí Êàçìåíêî et al. (ÌÊÍ ÑÏáÃÓ) Ñòðîêè 17.12.2025 9 / 40



Õåøèðîâàíèå ñòðîê Èäåÿ

Èäåÿ

Èäåÿ:

Ñîïîñòàâèì êàæäîé âîçìîæíîé ñòðîêå ñëó÷àéíîå ÷èñëî.

Âìåñòî òîãî, ÷òîáû ñðàâíèâàòü ñòðîêè, ñðàâíèì ÷èñëà.

Åñëè ÷èñëà íå ðàâíû, ñòðîêè òî÷íî íå ðàâíû.

Åñëè ÷èñëà ðàâíû,..
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Õåøèðîâàíèå ñòðîê Èäåÿ

Èäåÿ

Èäåÿ:

Ñîïîñòàâèì êàæäîé âîçìîæíîé ñòðîêå ñëó÷àéíîå ÷èñëî.

Âìåñòî òîãî, ÷òîáû ñðàâíèâàòü ñòðîêè, ñðàâíèì ÷èñëà.

Åñëè ÷èñëà íå ðàâíû, ñòðîêè òî÷íî íå ðàâíû.

Åñëè ÷èñëà ðàâíû,..

×èñëà ñðàâíèâàþòñÿ áûñòðåå, ÷åì ñòðîêè, òîëüêî åñëè îíè

íåáîëüøèå.

Ïóñòü íàøè ñëó÷àéíûå ÷èñëà� öåëûå èç [0, p).
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Õåøèðîâàíèå ñòðîê Èäåÿ

Èäåÿ

Èäåÿ:

Ñîïîñòàâèì êàæäîé âîçìîæíîé ñòðîêå ñëó÷àéíîå ÷èñëî.

Âìåñòî òîãî, ÷òîáû ñðàâíèâàòü ñòðîêè, ñðàâíèì ÷èñëà.

Åñëè ÷èñëà íå ðàâíû, ñòðîêè òî÷íî íå ðàâíû.

Åñëè ÷èñëà ðàâíû,..

×èñëà ñðàâíèâàþòñÿ áûñòðåå, ÷åì ñòðîêè, òîëüêî åñëè îíè

íåáîëüøèå.

Ïóñòü íàøè ñëó÷àéíûå ÷èñëà� öåëûå èç [0, p).

Åñëè ñòðîêè íå ðàâíû� ÷èñëà, òåì íå ìåíåå, ìîãóò

îêàçàòüñÿ ðàâíû ñ âåðîÿòíîñòüþ 1/p.
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Õåøèðîâàíèå ñòðîê Ïîëèíîìèàëüíûé õåø

Ïîëèíîìèàëüíûé õåø

Êàê âûáèðàòü ñëó÷àéíûå ÷èñëà?

Íàñòîÿùèå ñëó÷àéíûå ÷èñëà ñëîæíî èñïîëüçîâàòü.
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Ïîëèíîìèàëüíûé õåø

Êàê âûáèðàòü ñëó÷àéíûå ÷èñëà?

Íàñòîÿùèå ñëó÷àéíûå ÷èñëà ñëîæíî èñïîëüçîâàòü.

Ïîñòðîèì ïñåâäîñëó÷àéíûå: ïîëèíîìèàëüíûé õåø.

h(S0S1 . . . Sk−1) = (((S0 · x+ S1) · x+ . . .) · x+ Sk−1) mod p
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Ïîëèíîìèàëüíûé õåø

Êàê âûáèðàòü ñëó÷àéíûå ÷èñëà?

Íàñòîÿùèå ñëó÷àéíûå ÷èñëà ñëîæíî èñïîëüçîâàòü.

Ïîñòðîèì ïñåâäîñëó÷àéíûå: ïîëèíîìèàëüíûé õåø.

h(S0S1 . . . Sk−1) = (((S0 · x+ S1) · x+ . . .) · x+ Sk−1) mod p

h(S0S1 . . . Sk−1) =
(
S0 · xk−1 + S1 · xk−2 + . . .+ Sk−1 · x0

)
mod p
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Õåøèðîâàíèå ñòðîê Õåøè ïîäñòðîê îäèíàêîâîé äëèíû

Õåøè ïîäñòðîê îäèíàêîâîé äëèíû

Êàê áûñòðî ïîëó÷èòü õåøè âñåõ ïîäñòðîê T äëèíû |S|?
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Õåøèðîâàíèå ñòðîê Õåøè ïîäñòðîê îäèíàêîâîé äëèíû

Õåøè ïîäñòðîê îäèíàêîâîé äëèíû

Êàê áûñòðî ïîëó÷èòü õåøè âñåõ ïîäñòðîê T äëèíû |S|?
h(T0T1 . . .Tm−1 ) =(
T0 · xm−1 + T1 · xm−2 + . . .+ Tm−1 · x0

)
mod p
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Õåøèðîâàíèå ñòðîê Õåøè ïîäñòðîê îäèíàêîâîé äëèíû

Õåøè ïîäñòðîê îäèíàêîâîé äëèíû

Êàê áûñòðî ïîëó÷èòü õåøè âñåõ ïîäñòðîê T äëèíû |S|?
h(T0T1 . . .Tm−1 ) =(
T0 · xm−1 + T1 · xm−2 + . . .+ Tm−1 · x0

)
mod p

h( T1 . . .Tm−1Tm) =(
T1 · xm−1 + . . .+ Tm−1 · x1 + Tm · x0

)
mod p
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Õåøèðîâàíèå ñòðîê Õåøè ïîäñòðîê îäèíàêîâîé äëèíû

Õåøè ïîäñòðîê îäèíàêîâîé äëèíû

Êàê áûñòðî ïîëó÷èòü õåøè âñåõ ïîäñòðîê T äëèíû |S|?
h(T0T1 . . .Tm−1 ) =(
T0 · xm−1 + T1 · xm−2 + . . .+ Tm−1 · x0

)
mod p

h( T1 . . .Tm−1Tm) =(
T1 · xm−1 + . . .+ Tm−1 · x1 + Tm · x0

)
mod p

h(T[1...m+1)) =
(
h(T[0...m)) · x− T0 · xm + Tm

)
mod p
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Õåøèðîâàíèå ñòðîê Õåøè ïîäñòðîê îäèíàêîâîé äëèíû

Õåøè ïîäñòðîê îäèíàêîâîé äëèíû

Êàê áûñòðî ïîëó÷èòü õåøè âñåõ ïîäñòðîê T äëèíû |S|?
h(T0T1 . . .Tm−1 ) =(
T0 · xm−1 + T1 · xm−2 + . . .+ Tm−1 · x0

)
mod p

h( T1 . . .Tm−1Tm) =(
T1 · xm−1 + . . .+ Tm−1 · x1 + Tm · x0

)
mod p

h(T[1...m+1)) =
(
h(T[0...m)) · x− T0 · xm + Tm

)
mod p

Â îáùåì ñëó÷àå:

h(T[k+1...k+m+1)) =
(
h(T[k...k+m)) · x− Tk · xm + Tk+m

)
mod p

×èñëî xm mod p ìîæíî íàéòè îäèí ðàç çàðàíåå.

Âî âñåõ ÿçûêàõ, êðîìå Ïèòîíà, íóæíî âû÷èòàòü ïî ìîäóëþ

àêêóðàòíî!
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Õåøèðîâàíèå ñòðîê Àëãîðèòì Ðàáèíà�Êàðïà: êîä

Àëãîðèòì Ðàáèíà�Êàðïà: êîä

1 int const x = 821, p = 999999937;

2

3 vector <int> findRabinKarp (string s, string t) {

4 vector <int> res;

5 int m = s.size (), n = t.size ();

6 int hs = 0, ht = 0, xm = 1;

7 for (int j = 0; j < m; j++) {

8 hs = (hs * 1LL * x + s[j]) % p;

9 xm = (xm * 1LL * x) % p;

10 }

11 for (int i = 0; i < n; i++) {

12 ht = (ht * 1LL * x + t[i]) % p;

13 if (i >= m) {

14 ht = (ht - t[i - m] * 1LL * xm) % p;

15 if (ht < 0) ht += p;

16 }

17 if (ht == hs)

18 res.push_back (i - m + 2);

19 }

20 return res;

21 }

Ââîä:

aba

ababaaba

Âûâîä:

1 3 6
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Õåøèðîâàíèå ñòðîê Àëãîðèòì Ðàáèíà�Êàðïà: êîä

Àëãîðèòì Ðàáèíà�Êàðïà: êîä

1 int const x = 821, p = 999999937;

2

3 vector <int> findRabinKarp (string s, string t) {

4 vector <int> res;

5 int m = s.size (), n = t.size ();

6 int hs = 0, ht = 0, xm = 1;

7 for (int j = 0; j < m; j++) {

8 hs = (hs * 1LL * x + s[j]) % p;

9 xm = (xm * 1LL * x) % p;

10 }

11 for (int i = 0; i < n; i++) {

12 ht = (ht * 1LL * x + t[i]) % p;

13 if (i >= m) {

14 ht = (ht - t[i - m] * 1LL * xm) % p;

15 if (ht < 0) ht += p;

16 }

17 if (ht == hs)

18 res.push_back (i - m + 2);

19 }

20 return res;

21 }

Ââîä:

abb

ababaaba

Âûâîä:

none
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Õåøèðîâàíèå ñòðîê Àíàëèç

Àíàëèç

Îáùåå âðåìÿ ðàáîòû:

Âåðîÿòíîñòü îøèáêè:
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Õåøèðîâàíèå ñòðîê Àíàëèç

Àíàëèç

Îáùåå âðåìÿ ðàáîòû: O(m+ n).

Âåðîÿòíîñòü îøèáêè:
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Õåøèðîâàíèå ñòðîê Àíàëèç

Àíàëèç

Îáùåå âðåìÿ ðàáîòû: O(m+ n).

Âåðîÿòíîñòü îøèáêè: 1− (1− 1/p)n−m+1 â ïðåäïîëîæåíèè,

÷òî ïîëó÷åííûå ÷èñëà ïî-íàñòîÿùåìó ñëó÷àéíûå� íà

ñàìîì äåëå ýòî íå òàê.

Ìàòåìàòè÷åñêîå îæèäàíèå êîëè÷åñòâà îøèáîê â òàêîì

ñëó÷àå ðàâíî (n−m+ 1)/p, ìîæíî èñïîëüçîâàòü ýòî (èëè

äàæå n/p) êàê ãðóáóþ îöåíêó ñâåðõó äëÿ âåðîÿòíîñòè õîòÿ

áû îäíîé îøèáêè.
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Õåøèðîâàíèå ñòðîê Âûáîð êîíñòàíò

Âûáîð êîíñòàíò

Êàê âûáðàòü x è p?
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Õåøèðîâàíèå ñòðîê Âûáîð êîíñòàíò

Âûáîð êîíñòàíò

Êàê âûáðàòü x è p?

p äîëæíî áûòü êàê ìîæíî áîëüøå...

...íî ÷òîáû âû÷èñëåíèÿ îñòàâàëèñü áûñòðûìè.

x äîëæíî áûòü áîëüøå ðàçìåðà àëôàâèòà.

x è p äîëæíû áûòü âçàèìíî ïðîñòû.

p íå äîëæíî áûòü ñòåïåíüþ äâîéêè.
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Õåøèðîâàíèå ñòðîê Âûáîð êîíñòàíò

Âûáîð êîíñòàíò

Êàê âûáðàòü x è p?

p äîëæíî áûòü êàê ìîæíî áîëüøå...

...íî ÷òîáû âû÷èñëåíèÿ îñòàâàëèñü áûñòðûìè.

x äîëæíî áûòü áîëüøå ðàçìåðà àëôàâèòà.

x è p äîëæíû áûòü âçàèìíî ïðîñòû.

p íå äîëæíî áûòü ñòåïåíüþ äâîéêè.

×òî âñ¼-òàêè ìîæíî ñäåëàòü?

Ìîæíî âûáðàòü áîëüøîå ïðîñòîå p è ñëó÷àéíîå x.

Åñëè âåðîÿòíîñòü îøèáêè âñ¼ åù¼ âåëèêà, ìîæíî ñ÷èòàòü

íåñêîëüêî ðàçíûõ õåøåé ñ ðàçíûìè êîíñòàíòàìè x è p.
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Õåøèðîâàíèå ñòðîê Õåøè ïðîèçâîëüíûõ ïîäñòðîê

Õåøè ïðîèçâîëüíûõ ïîäñòðîê

Êàê áûñòðî ïîëó÷èòü õåø ëþáîé ïîäñòðîêè T?
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Õåøèðîâàíèå ñòðîê Õåøè ïðîèçâîëüíûõ ïîäñòðîê

Õåøè ïðîèçâîëüíûõ ïîäñòðîê

Êàê áûñòðî ïîëó÷èòü õåø ëþáîé ïîäñòðîêè T?

Çàðàíåå ïîñ÷èòàåì õåøè âñåõ ïðåôèêñîâ: hk = h(T[0...k)).
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Õåøèðîâàíèå ñòðîê Õåøè ïðîèçâîëüíûõ ïîäñòðîê

Õåøè ïðîèçâîëüíûõ ïîäñòðîê

Êàê áûñòðî ïîëó÷èòü õåø ëþáîé ïîäñòðîêè T?

Çàðàíåå ïîñ÷èòàåì õåøè âñåõ ïðåôèêñîâ: hk = h(T[0...k)).

Ïîäñòðîêà� ýòî áîëüøèé ïðåôèêñ, îò êîòîðîãî îòðåçàëè

ìåíüøèé ïðåôèêñ.
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Õåøèðîâàíèå ñòðîê Õåøè ïðîèçâîëüíûõ ïîäñòðîê

Õåøè ïðîèçâîëüíûõ ïîäñòðîê

Êàê áûñòðî ïîëó÷èòü õåø ëþáîé ïîäñòðîêè T?

Çàðàíåå ïîñ÷èòàåì õåøè âñåõ ïðåôèêñîâ: hk = h(T[0...k)).

Ïîäñòðîêà� ýòî áîëüøèé ïðåôèêñ, îò êîòîðîãî îòðåçàëè

ìåíüøèé ïðåôèêñ.

Ïðèìåð: êàê íàéòè h(T[2...5))?

h(T[2...5)) =
(

T2 · x2 + T3 · x1 + T4 · x0
)
mod p.

h(T[0...5)) =
(
T0 · x4 + T1 · x3 + T2 · x2 + T3 · x1 + T4 · x0

)
mod p.

h(T[0...2)) =
(
T0 · x1 + T1 · x0

)
mod p.

h(T[2...5)) =
(
h5 − h2 · x3

)
mod p.
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Õåøèðîâàíèå ñòðîê Õåøè ïðîèçâîëüíûõ ïîäñòðîê

Õåøè ïðîèçâîëüíûõ ïîäñòðîê

Êàê áûñòðî ïîëó÷èòü õåø ëþáîé ïîäñòðîêè T?

Çàðàíåå ïîñ÷èòàåì õåøè âñåõ ïðåôèêñîâ: hk = h(T[0...k)).

Ïîäñòðîêà� ýòî áîëüøèé ïðåôèêñ, îò êîòîðîãî îòðåçàëè

ìåíüøèé ïðåôèêñ.

Ïðèìåð: êàê íàéòè h(T[2...5))?

h(T[2...5)) =
(

T2 · x2 + T3 · x1 + T4 · x0
)
mod p.

h(T[0...5)) =
(
T0 · x4 + T1 · x3 + T2 · x2 + T3 · x1 + T4 · x0

)
mod p.

h(T[0...2)) =
(
T0 · x1 + T1 · x0

)
mod p.

h(T[2...5)) =
(
h5 − h2 · x3

)
mod p.

Â îáùåì ñëó÷àå:

h(T[a...b)) =
(
hb − ha · xb−a

)
mod p.

×èñëà xi mod p ìîæíî íàéòè îäèí ðàç çàðàíåå.
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Ïðåôèêñ-ôóíêöèÿ

Ñîäåðæàíèå

1 Ââåäåíèå

Îïðåäåëåíèÿ

Çàäà÷à

Íàèâíîå ðåøåíèå

Íàèâíûé àëãîðèòì: êîä

2 Õåøèðîâàíèå ñòðîê

Èäåÿ

Ïîëèíîìèàëüíûé õåø

Õåøè ïîäñòðîê îäèíàêîâîé äëèíû

Àëãîðèòì Ðàáèíà�Êàðïà: êîä

Àíàëèç

Âûáîð êîíñòàíò

Õåøè ïðîèçâîëüíûõ ïîäñòðîê

3 Ïðåôèêñ-ôóíêöèÿ

Èäåÿ

Ïðåôèêñ-ôóíêöèÿ

Ïðèìåð

Ïîèñê ïîäñòðîêè

Àëãîðèòì

Êíóòà�Ìîððèñà�Ïðàòòà: êîä

Àíàëèç

4 Z-ôóíêöèÿ

Èäåÿ

Z-ôóíêöèÿ

Ïðèìåð

Ïîèñê ïîäñòðîêè

Àëãîðèòì Ãàñôèëäà: êîä

Àíàëèç
5 Çàäà÷è

Ãåíåðàòîð ñòðîêè

Ïåðèîä ñòðîêè

6 Ïàëèíäðîìû

Çàäà÷à

Èäåÿ

Ðàäèóñû ïàëèíäðîìîâ

Ïðèìåð

Àëãîðèòì Ìàíàêåðà: êîä

Àíàëèç
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Ïðåôèêñ-ôóíêöèÿ Èäåÿ

Èäåÿ

Èäåÿ: óñêîðèì íàèâíîå ðåøåíèå.

Ïóñòü ìû èùåì S = ¾aabaac¿ â T = ¾aabaabaad¿.

Âûÿñíèëè, ÷òî ¾aabaa¿ = ¾aabaa¿, íî

¾aabaab¿ ̸= ¾aabaac¿.
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Ïðåôèêñ-ôóíêöèÿ Èäåÿ

Èäåÿ

Èäåÿ: óñêîðèì íàèâíîå ðåøåíèå.

Ïóñòü ìû èùåì S = ¾aabaac¿ â T = ¾aabaabaad¿.

Âûÿñíèëè, ÷òî ¾aabaa¿ = ¾aabaa¿, íî

¾aabaab¿ ̸= ¾aabaac¿.

Õî÷åòñÿ, ãëÿäÿ òîëüêî íà íàéäåííîå ¾aabaa¿, ñêàçàòü, ÷òî

ñî âòîðîé èëè ñ òðåòüåé áóêâû âõîæäåíèå ¾aabaac¿

íà÷èíàòüñÿ íå ìîæåò, ìîæíî ñðàçó ïåðåéòè ê ÷åòâ¼ðòîé.

Êàê ýòî óçíàòü?
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Ïðåôèêñ-ôóíêöèÿ Èäåÿ

Èäåÿ

Èäåÿ: óñêîðèì íàèâíîå ðåøåíèå.

Ïóñòü ìû èùåì S = ¾aabaac¿ â T = ¾aabaabaad¿.

Âûÿñíèëè, ÷òî ¾aabaa¿ = ¾aabaa¿, íî

¾aabaab¿ ̸= ¾aabaac¿.

Õî÷åòñÿ, ãëÿäÿ òîëüêî íà íàéäåííîå ¾aabaa¿, ñêàçàòü, ÷òî

ñî âòîðîé èëè ñ òðåòüåé áóêâû âõîæäåíèå ¾aabaac¿

íà÷èíàòüñÿ íå ìîæåò, ìîæíî ñðàçó ïåðåéòè ê ÷åòâ¼ðòîé.

Êàê ýòî óçíàòü?

Ðàññìîòðèì ïîêà òîëüêî ñòðîêó S.

Âû÷èñëèì ïðåôèêñ-ôóíêöèþ: äëÿ êàæäîé ïîçèöèè i

ðàññìîòðèì S(i) = S0S1 . . . Si−1, è íàéä¼ì äëèíó íàèáîëüøåãî

ñîáñòâåííîãî ñóôôèêñà S(i), ðàâíîãî ïðåôèêñó S(i).
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Ïðåôèêñ-ôóíêöèÿ Èäåÿ

Èäåÿ

Èäåÿ: óñêîðèì íàèâíîå ðåøåíèå.

Ïóñòü ìû èùåì S = ¾aabaac¿ â T = ¾aabaabaad¿.

Âûÿñíèëè, ÷òî ¾aabaa¿ = ¾aabaa¿, íî

¾aabaab¿ ̸= ¾aabaac¿.

Õî÷åòñÿ, ãëÿäÿ òîëüêî íà íàéäåííîå ¾aabaa¿, ñêàçàòü, ÷òî

ñî âòîðîé èëè ñ òðåòüåé áóêâû âõîæäåíèå ¾aabaac¿

íà÷èíàòüñÿ íå ìîæåò, ìîæíî ñðàçó ïåðåéòè ê ÷åòâ¼ðòîé.

Êàê ýòî óçíàòü?

Ðàññìîòðèì ïîêà òîëüêî ñòðîêó S.

Âû÷èñëèì ïðåôèêñ-ôóíêöèþ: äëÿ êàæäîé ïîçèöèè i

ðàññìîòðèì S(i) = S0S1 . . . Si−1, è íàéä¼ì äëèíó íàèáîëüøåãî

ñîáñòâåííîãî ñóôôèêñà S(i), ðàâíîãî ïðåôèêñó S(i).

Ïðèìåð 1:
S = a a b a a b a a c

p = 0 1 0 1 2 3 4 5 0
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Ïðåôèêñ-ôóíêöèÿ Èäåÿ

Èäåÿ

Èäåÿ: óñêîðèì íàèâíîå ðåøåíèå.

Ïóñòü ìû èùåì S = ¾aabaac¿ â T = ¾aabaabaad¿.

Âûÿñíèëè, ÷òî ¾aabaa¿ = ¾aabaa¿, íî

¾aabaab¿ ̸= ¾aabaac¿.

Õî÷åòñÿ, ãëÿäÿ òîëüêî íà íàéäåííîå ¾aabaa¿, ñêàçàòü, ÷òî

ñî âòîðîé èëè ñ òðåòüåé áóêâû âõîæäåíèå ¾aabaac¿

íà÷èíàòüñÿ íå ìîæåò, ìîæíî ñðàçó ïåðåéòè ê ÷åòâ¼ðòîé.

Êàê ýòî óçíàòü?

Ðàññìîòðèì ïîêà òîëüêî ñòðîêó S.

Âû÷èñëèì ïðåôèêñ-ôóíêöèþ: äëÿ êàæäîé ïîçèöèè i

ðàññìîòðèì S(i) = S0S1 . . . Si−1, è íàéä¼ì äëèíó íàèáîëüøåãî

ñîáñòâåííîãî ñóôôèêñà S(i), ðàâíîãî ïðåôèêñó S(i).

Ïðèìåð 2:
S = a b a c a b a

p = 0 0 1 0 1 2 3
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Ïðåôèêñ-ôóíêöèÿ Ïðåôèêñ-ôóíêöèÿ

Ïðåôèêñ-ôóíêöèÿ

Âû÷èñëÿåì ïðåôèêñ-ôóíêöèþ p ñëåâà íàïðàâî.

Ïóñòü ìû íàõîäèìñÿ â ïîçèöèè i ∈ [0,n).
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Ïðåôèêñ-ôóíêöèÿ Ïðåôèêñ-ôóíêöèÿ

Ïðåôèêñ-ôóíêöèÿ

Âû÷èñëÿåì ïðåôèêñ-ôóíêöèþ p ñëåâà íàïðàâî.

Ïóñòü ìû íàõîäèìñÿ â ïîçèöèè i ∈ [0,n).

Ïðè i = 0 ïðåôèêñ-ôóíêöèÿ ðàâíà íóëþ.
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Ïðåôèêñ-ôóíêöèÿ Ïðåôèêñ-ôóíêöèÿ

Ïðåôèêñ-ôóíêöèÿ

Âû÷èñëÿåì ïðåôèêñ-ôóíêöèþ p ñëåâà íàïðàâî.

Ïóñòü ìû íàõîäèìñÿ â ïîçèöèè i ∈ [0,n).

Ïðè i = 0 ïðåôèêñ-ôóíêöèÿ ðàâíà íóëþ.

Ïðè i > 0 ìû çíàåì k = p(i− 1).

Ýòî çíà÷èò, ÷òî íà ïðåäûäóùåé ïîçèöèè

S0S1 . . . Sk−1 = Si−kSi−k+1 . . . Si−1� ñàìûé äëèííûé ñóôôèêñ,

ðàâíûé ïðåôèêñó.
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Ïðåôèêñ-ôóíêöèÿ Ïðåôèêñ-ôóíêöèÿ

Ïðåôèêñ-ôóíêöèÿ

Âû÷èñëÿåì ïðåôèêñ-ôóíêöèþ p ñëåâà íàïðàâî.

Ïóñòü ìû íàõîäèìñÿ â ïîçèöèè i ∈ [0,n).

Ïðè i = 0 ïðåôèêñ-ôóíêöèÿ ðàâíà íóëþ.

Ïðè i > 0 ìû çíàåì k = p(i− 1).

Ýòî çíà÷èò, ÷òî íà ïðåäûäóùåé ïîçèöèè

S0S1 . . . Sk−1 = Si−kSi−k+1 . . . Si−1� ñàìûé äëèííûé ñóôôèêñ,

ðàâíûé ïðåôèêñó.

Åñëè Sk = Si, òî p(i) = k+ 1.

Åñëè k = 0, ïðîñòî ñðàâíèì S0 è Si.
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Ïðåôèêñ-ôóíêöèÿ Ïðåôèêñ-ôóíêöèÿ

Ïðåôèêñ-ôóíêöèÿ

Âû÷èñëÿåì ïðåôèêñ-ôóíêöèþ p ñëåâà íàïðàâî.

Ïóñòü ìû íàõîäèìñÿ â ïîçèöèè i ∈ [0,n).

Ïðè i = 0 ïðåôèêñ-ôóíêöèÿ ðàâíà íóëþ.

Ïðè i > 0 ìû çíàåì k = p(i− 1).

Ýòî çíà÷èò, ÷òî íà ïðåäûäóùåé ïîçèöèè

S0S1 . . . Sk−1 = Si−kSi−k+1 . . . Si−1� ñàìûé äëèííûé ñóôôèêñ,

ðàâíûé ïðåôèêñó.

Åñëè Sk = Si, òî p(i) = k+ 1.

Åñëè k = 0, ïðîñòî ñðàâíèì S0 è Si.

Åñëè æå Sk ̸= Si, íóæíî ðàññìîòðåòü ñëåäóþùèé ïî äëèíå

ñóôôèêñ â ïîçèöèè i− 1, ðàâíûé ïðåôèêñó.

Äëÿ ýòîãî äîñòàòî÷íî ñäåëàòü k := p(k− 1).

À åñëè k = 0?
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Ïðåôèêñ-ôóíêöèÿ Ïðåôèêñ-ôóíêöèÿ

Ïðåôèêñ-ôóíêöèÿ

Âû÷èñëÿåì ïðåôèêñ-ôóíêöèþ p ñëåâà íàïðàâî.

Ïóñòü ìû íàõîäèìñÿ â ïîçèöèè i ∈ [0,n).

Ïðè i = 0 ïðåôèêñ-ôóíêöèÿ ðàâíà íóëþ.

Ïðè i > 0 ìû çíàåì k = p(i− 1).

Ýòî çíà÷èò, ÷òî íà ïðåäûäóùåé ïîçèöèè

S0S1 . . . Sk−1 = Si−kSi−k+1 . . . Si−1� ñàìûé äëèííûé ñóôôèêñ,

ðàâíûé ïðåôèêñó.

Åñëè Sk = Si, òî p(i) = k+ 1.

Åñëè k = 0, ïðîñòî ñðàâíèì S0 è Si.

Åñëè æå Sk ̸= Si, íóæíî ðàññìîòðåòü ñëåäóþùèé ïî äëèíå

ñóôôèêñ â ïîçèöèè i− 1, ðàâíûé ïðåôèêñó.

Äëÿ ýòîãî äîñòàòî÷íî ñäåëàòü k := p(k− 1).

À åñëè k = 0? Òîãäà p(i) = 0.
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Ïðåôèêñ-ôóíêöèÿ Ïðèìåð

Ïðèìåð

Ïðèìåð:
S = a b a b a b a a b a b a b b

p = 0 0 1 2 3 4 5 1 2 3 4 5 6 0
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Ïðåôèêñ-ôóíêöèÿ Ïîèñê ïîäñòðîêè

Ïîèñê ïîäñòðîêè

Êàê ýòî ïîìîãàåò èñêàòü ïîäñòðîêó S â ñòðîêå T?
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Ïðåôèêñ-ôóíêöèÿ Ïîèñê ïîäñòðîêè

Ïîèñê ïîäñòðîêè

Êàê ýòî ïîìîãàåò èñêàòü ïîäñòðîêó S â ñòðîêå T?

Íàïðèìåð, òàê: çàïèøåì R = S#T .

Íàéä¼ì ïðåôèêñ-ôóíêöèþ ñòðîêè R.

Òå ïîçèöèè, ãäå îíà ðàâíà |S|, ýòî êîíöû âõîæäåíèé S â T .
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Ïðåôèêñ-ôóíêöèÿ Ïîèñê ïîäñòðîêè

Ïîèñê ïîäñòðîêè

Êàê ýòî ïîìîãàåò èñêàòü ïîäñòðîêó S â ñòðîêå T?

Íàïðèìåð, òàê: çàïèøåì R = S#T .

Íàéä¼ì ïðåôèêñ-ôóíêöèþ ñòðîêè R.

Òå ïîçèöèè, ãäå îíà ðàâíà |S|, ýòî êîíöû âõîæäåíèé S â T .

Ïðèìåð 1:
R = a b a # a b a b a

p = 0 0 1 0 1 2 3 2 3
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Ïðåôèêñ-ôóíêöèÿ Ïîèñê ïîäñòðîêè

Ïîèñê ïîäñòðîêè

Êàê ýòî ïîìîãàåò èñêàòü ïîäñòðîêó S â ñòðîêå T?

Íàïðèìåð, òàê: çàïèøåì R = S#T .

Íàéä¼ì ïðåôèêñ-ôóíêöèþ ñòðîêè R.

Òå ïîçèöèè, ãäå îíà ðàâíà |S|, ýòî êîíöû âõîæäåíèé S â T .

Ïðèìåð 2:
R = a a b # a a a b a b a

p = 0 1 0 0 1 2 2 3 1 0 1
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Ïðåôèêñ-ôóíêöèÿ Àëãîðèòì Êíóòà�Ìîððèñà�Ïðàòòà: êîä

Àëãîðèòì Êíóòà�Ìîððèñà�Ïðàòòà: êîä

1 vector <int> findKnuthMorrisPratt (string s, string t) {

2 vector <int> res;

3 string r = s + "#" + t;

4 int m = s.size (), len = r.size ();

5 int k = 0;

6 vector <int> p (len);

7 p[0] = k;

8 for (int i = 1; i < len; i++) {

9 while (k > 0 && r[i] != r[k])

10 k = p[k - 1];

11 if (r[i] == r[k])

12 k += 1;

13 if (k == m)

14 res.push_back (i - m * 2 + 1);

15 p[i] = k;

16 }

17 return res;

18 }

Ââîä:

aba

ababaaba

Âûâîä:

1 3 6
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Ïðåôèêñ-ôóíêöèÿ Àëãîðèòì Êíóòà�Ìîððèñà�Ïðàòòà: êîä

Àëãîðèòì Êíóòà�Ìîððèñà�Ïðàòòà: êîä

1 vector <int> findKnuthMorrisPratt (string s, string t) {

2 vector <int> res;

3 string r = s + "#" + t;

4 int m = s.size (), len = r.size ();

5 int k = -1;

6 vector <int> p;

7 p.push_back (k);

8 for (int i = 0; i < len; i++) {

9 while (k >= 0 && r[i] != r[k])

10 k = p[k];

11

12 k += 1;

13 if (k == m)

14 res.push_back (i - m * 2 + 1);

15 p.push_back (k);

16 }

17 return res;

18 }

Ââîä:

abb

ababaaba

Âûâîä:

none
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Ïðåôèêñ-ôóíêöèÿ Àíàëèç

Àíàëèç

Îáùåå âðåìÿ ðàáîòû:
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Ïðåôèêñ-ôóíêöèÿ Àíàëèç

Àíàëèç

Îáùåå âðåìÿ ðàáîòû: O(m+ n).
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Ïðåôèêñ-ôóíêöèÿ Àíàëèç

Àíàëèç

Îáùåå âðåìÿ ðàáîòû: O(m+ n).

Äåéñòâèòåëüíî, ãðàíèöû ñàìîãî äëèííîãî ñóôôèêñà ñ

êàæäûì äåéñòâèåì äâèæóòñÿ ñëåâà íàïðàâî.
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Z-ôóíêöèÿ

Ñîäåðæàíèå

1 Ââåäåíèå

Îïðåäåëåíèÿ

Çàäà÷à

Íàèâíîå ðåøåíèå

Íàèâíûé àëãîðèòì: êîä

2 Õåøèðîâàíèå ñòðîê

Èäåÿ

Ïîëèíîìèàëüíûé õåø

Õåøè ïîäñòðîê îäèíàêîâîé äëèíû

Àëãîðèòì Ðàáèíà�Êàðïà: êîä

Àíàëèç

Âûáîð êîíñòàíò

Õåøè ïðîèçâîëüíûõ ïîäñòðîê

3 Ïðåôèêñ-ôóíêöèÿ

Èäåÿ

Ïðåôèêñ-ôóíêöèÿ

Ïðèìåð

Ïîèñê ïîäñòðîêè

Àëãîðèòì

Êíóòà�Ìîððèñà�Ïðàòòà: êîä

Àíàëèç

4 Z-ôóíêöèÿ

Èäåÿ

Z-ôóíêöèÿ

Ïðèìåð

Ïîèñê ïîäñòðîêè

Àëãîðèòì Ãàñôèëäà: êîä

Àíàëèç
5 Çàäà÷è

Ãåíåðàòîð ñòðîêè

Ïåðèîä ñòðîêè

6 Ïàëèíäðîìû

Çàäà÷à

Èäåÿ

Ðàäèóñû ïàëèíäðîìîâ

Ïðèìåð

Àëãîðèòì Ìàíàêåðà: êîä

Àíàëèç
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Z-ôóíêöèÿ Èäåÿ

Èäåÿ

Èäåÿ: óñêîðèì íàèâíîå ðåøåíèå.

Ïóñòü ìû èùåì S = ¾aabaac¿ â T = ¾aabaabaad¿.

Âûÿñíèëè, ÷òî ¾aabaa¿ = ¾aabaa¿, íî

¾aabaab¿ ̸= ¾aabaac¿.
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Z-ôóíêöèÿ Èäåÿ

Èäåÿ

Èäåÿ: óñêîðèì íàèâíîå ðåøåíèå.

Ïóñòü ìû èùåì S = ¾aabaac¿ â T = ¾aabaabaad¿.

Âûÿñíèëè, ÷òî ¾aabaa¿ = ¾aabaa¿, íî

¾aabaab¿ ̸= ¾aabaac¿.

Õî÷åòñÿ, ãëÿäÿ òîëüêî íà íàéäåííîå ¾aabaa¿, ñêàçàòü, ÷òî

ñî âòîðîé èëè ñ òðåòüåé áóêâû âõîæäåíèå ¾aabaac¿

íà÷èíàòüñÿ íå ìîæåò, ìîæíî ñðàçó ïåðåéòè ê ÷åòâ¼ðòîé.

Êàê ýòî óçíàòü?
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Z-ôóíêöèÿ Èäåÿ

Èäåÿ

Èäåÿ: óñêîðèì íàèâíîå ðåøåíèå.

Ïóñòü ìû èùåì S = ¾aabaac¿ â T = ¾aabaabaad¿.

Âûÿñíèëè, ÷òî ¾aabaa¿ = ¾aabaa¿, íî

¾aabaab¿ ̸= ¾aabaac¿.

Õî÷åòñÿ, ãëÿäÿ òîëüêî íà íàéäåííîå ¾aabaa¿, ñêàçàòü, ÷òî

ñî âòîðîé èëè ñ òðåòüåé áóêâû âõîæäåíèå ¾aabaac¿

íà÷èíàòüñÿ íå ìîæåò, ìîæíî ñðàçó ïåðåéòè ê ÷åòâ¼ðòîé.

Êàê ýòî óçíàòü?

Ðàññìîòðèì ïîêà òîëüêî ñòðîêó S.

Äëÿ êàæäîé ïîçèöèè i > 0 âû÷èñëèì z-ôóíêöèþ: äëèíó

íàèáîëüøåãî ñîâïàäåíèÿ ñ ïðåôèêñîì, íà÷èíàÿ ñ ýòîé

ïîçèöèè.
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Z-ôóíêöèÿ Èäåÿ

Èäåÿ

Èäåÿ: óñêîðèì íàèâíîå ðåøåíèå.

Ïóñòü ìû èùåì S = ¾aabaac¿ â T = ¾aabaabaad¿.

Âûÿñíèëè, ÷òî ¾aabaa¿ = ¾aabaa¿, íî

¾aabaab¿ ̸= ¾aabaac¿.

Õî÷åòñÿ, ãëÿäÿ òîëüêî íà íàéäåííîå ¾aabaa¿, ñêàçàòü, ÷òî

ñî âòîðîé èëè ñ òðåòüåé áóêâû âõîæäåíèå ¾aabaac¿

íà÷èíàòüñÿ íå ìîæåò, ìîæíî ñðàçó ïåðåéòè ê ÷åòâ¼ðòîé.

Êàê ýòî óçíàòü?

Ðàññìîòðèì ïîêà òîëüêî ñòðîêó S.

Äëÿ êàæäîé ïîçèöèè i > 0 âû÷èñëèì z-ôóíêöèþ: äëèíó

íàèáîëüøåãî ñîâïàäåíèÿ ñ ïðåôèêñîì, íà÷èíàÿ ñ ýòîé

ïîçèöèè.

Ïðèìåð 1:
S = a a b a a b a a c

z = 0 1 0 5 1 0 2 1 0
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Z-ôóíêöèÿ Èäåÿ

Èäåÿ

Èäåÿ: óñêîðèì íàèâíîå ðåøåíèå.

Ïóñòü ìû èùåì S = ¾aabaac¿ â T = ¾aabaabaad¿.

Âûÿñíèëè, ÷òî ¾aabaa¿ = ¾aabaa¿, íî

¾aabaab¿ ̸= ¾aabaac¿.

Õî÷åòñÿ, ãëÿäÿ òîëüêî íà íàéäåííîå ¾aabaa¿, ñêàçàòü, ÷òî

ñî âòîðîé èëè ñ òðåòüåé áóêâû âõîæäåíèå ¾aabaac¿

íà÷èíàòüñÿ íå ìîæåò, ìîæíî ñðàçó ïåðåéòè ê ÷åòâ¼ðòîé.

Êàê ýòî óçíàòü?

Ðàññìîòðèì ïîêà òîëüêî ñòðîêó S.

Äëÿ êàæäîé ïîçèöèè i > 0 âû÷èñëèì z-ôóíêöèþ: äëèíó

íàèáîëüøåãî ñîâïàäåíèÿ ñ ïðåôèêñîì, íà÷èíàÿ ñ ýòîé

ïîçèöèè.

Ïðèìåð 2:
S = a b a c a b a

z = 0 0 1 0 3 0 1
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Z-ôóíêöèÿ Z-ôóíêöèÿ

Z-ôóíêöèÿ

Âû÷èñëÿåì ôóíêöèþ z ñëåâà íàïðàâî.

Ïóñòü ìû íàõîäèìñÿ â ïîçèöèè i ∈ [0,n).
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Z-ôóíêöèÿ Z-ôóíêöèÿ

Z-ôóíêöèÿ

Âû÷èñëÿåì ôóíêöèþ z ñëåâà íàïðàâî.

Ïóñòü ìû íàõîäèìñÿ â ïîçèöèè i ∈ [0,n).

Ïðè i = 0 îïðåäåëèì çíà÷åíèå ôóíêöèè ðàâíûì íóëþ.
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Z-ôóíêöèÿ

Âû÷èñëÿåì ôóíêöèþ z ñëåâà íàïðàâî.

Ïóñòü ìû íàõîäèìñÿ â ïîçèöèè i ∈ [0,n).

Ïðè i = 0 îïðåäåëèì çíà÷åíèå ôóíêöèè ðàâíûì íóëþ.

Èç íàéäåííûõ ïîäñòðîê, ñîâïàäàþùèõ ñ ïðåôèêñàìè,

áóäåì ïîìíèòü òó, êîòîðàÿ êîí÷àåòñÿ êàê ìîæíî ïðàâåå.

Ïóñòü ýòî ïîäñòðîêà S[lo...hi).
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Ïðè i = 0 îïðåäåëèì çíà÷åíèå ôóíêöèè ðàâíûì íóëþ.

Èç íàéäåííûõ ïîäñòðîê, ñîâïàäàþùèõ ñ ïðåôèêñàìè,

áóäåì ïîìíèòü òó, êîòîðàÿ êîí÷àåòñÿ êàê ìîæíî ïðàâåå.

Ïóñòü ýòî ïîäñòðîêà S[lo...hi).

Åñëè ïîçèöèÿ i ëåæèò â [lo...hi), ïîñìîòðèì íà ïîçèöèþ

i− lo.

Âñÿ ïîäñòðîêà S[i− lo...hi− lo) òàêàÿ æå, êàê S[i...hi).

Òàê ÷òî îöåíêà ñíèçó íà z(i)� ýòî min(hi− i, z(i− lo)).
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Z-ôóíêöèÿ Z-ôóíêöèÿ

Z-ôóíêöèÿ

Âû÷èñëÿåì ôóíêöèþ z ñëåâà íàïðàâî.

Ïóñòü ìû íàõîäèìñÿ â ïîçèöèè i ∈ [0,n).

Ïðè i = 0 îïðåäåëèì çíà÷åíèå ôóíêöèè ðàâíûì íóëþ.

Èç íàéäåííûõ ïîäñòðîê, ñîâïàäàþùèõ ñ ïðåôèêñàìè,

áóäåì ïîìíèòü òó, êîòîðàÿ êîí÷àåòñÿ êàê ìîæíî ïðàâåå.

Ïóñòü ýòî ïîäñòðîêà S[lo...hi).

Åñëè ïîçèöèÿ i ëåæèò â [lo...hi), ïîñìîòðèì íà ïîçèöèþ

i− lo.

Âñÿ ïîäñòðîêà S[i− lo...hi− lo) òàêàÿ æå, êàê S[i...hi).

Òàê ÷òî îöåíêà ñíèçó íà z(i)� ýòî min(hi− i, z(i− lo)).

Òåïåðü, ïîêà áóêâû S[z(i)] è S[i+ z(i)] ñîâïàäàþò, áóäåì
óâåëè÷èâàòü z(i).
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Âû÷èñëÿåì ôóíêöèþ z ñëåâà íàïðàâî.

Ïóñòü ìû íàõîäèìñÿ â ïîçèöèè i ∈ [0,n).

Ïðè i = 0 îïðåäåëèì çíà÷åíèå ôóíêöèè ðàâíûì íóëþ.

Èç íàéäåííûõ ïîäñòðîê, ñîâïàäàþùèõ ñ ïðåôèêñàìè,

áóäåì ïîìíèòü òó, êîòîðàÿ êîí÷àåòñÿ êàê ìîæíî ïðàâåå.

Ïóñòü ýòî ïîäñòðîêà S[lo...hi).

Åñëè ïîçèöèÿ i ëåæèò â [lo...hi), ïîñìîòðèì íà ïîçèöèþ

i− lo.

Âñÿ ïîäñòðîêà S[i− lo...hi− lo) òàêàÿ æå, êàê S[i...hi).

Òàê ÷òî îöåíêà ñíèçó íà z(i)� ýòî min(hi− i, z(i− lo)).

Òåïåðü, ïîêà áóêâû S[z(i)] è S[i+ z(i)] ñîâïàäàþò, áóäåì
óâåëè÷èâàòü z(i).

Ïðîâåðèì, íå îêàçàëñÿ ëè êîíåö ñòðîêè� ýòî ïîçèöèÿ

i+ z(i)�ïðàâåå hi.
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Z-ôóíêöèÿ Ïðèìåð

Ïðèìåð

Ïðèìåð:
S = a a b a a b a a a b a a b b

z = 0 1 0 5 1 0 2 6 1 0 3 1 0 0

j j + z(j)
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Z-ôóíêöèÿ Ïðèìåð

Ïðèìåð

Ïðèìåð:
S = a a b a a b a a a b a a b b

z = 0 1 0 5 1 0 2 6 1 0 3 1 0 0

lo hi

Èâàí Êàçìåíêî et al. (ÌÊÍ ÑÏáÃÓ) Ñòðîêè 17.12.2025 26 / 40



Z-ôóíêöèÿ Ïðèìåð

Ïðèìåð
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lo hi

i
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Ïðèìåð

Ïðèìåð:
S = a a b a a b a a a b a a b b

z = 0 1 0 5 1 0 2 6 1 0 3 1 0 0

lo hi

ii − lo
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Z-ôóíêöèÿ Ïðèìåð

Ïðèìåð

Ïðèìåð:
S = a a b a a b a a a b a a b b

z = 0 1 0 5 1 0 2 6 1 0 3 1 0 0

lo hi

ii − loz(i − lo)
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Z-ôóíêöèÿ Ïðèìåð

Ïðèìåð

Ïðèìåð:
S = a a b a a b a a a b a a b b

z = 0 1 0 5 1 0 2 6 1 0 3 1 0 0

lo hi

ii − lo?! ?! ?!
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Z-ôóíêöèÿ Ïîèñê ïîäñòðîêè

Ïîèñê ïîäñòðîêè

Êàê ýòî ïîìîãàåò èñêàòü ïîäñòðîêó S â ñòðîêå T?
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Ïîèñê ïîäñòðîêè

Êàê ýòî ïîìîãàåò èñêàòü ïîäñòðîêó S â ñòðîêå T?

Íàïðèìåð, òàê: çàïèøåì R = S#T .

Íàéä¼ì z-ôóíêöèþ ñòðîêè R.

Òå ïîçèöèè, ãäå îíà ðàâíà |S|, ýòî íà÷àëà âõîæäåíèé S â T .
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Íàïðèìåð, òàê: çàïèøåì R = S#T .

Íàéä¼ì z-ôóíêöèþ ñòðîêè R.

Òå ïîçèöèè, ãäå îíà ðàâíà |S|, ýòî íà÷àëà âõîæäåíèé S â T .

Ïðèìåð 1:
R = a b a # a b a b a

z = 0 0 1 0 3 0 3 0 1
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Íàïðèìåð, òàê: çàïèøåì R = S#T .

Íàéä¼ì z-ôóíêöèþ ñòðîêè R.

Òå ïîçèöèè, ãäå îíà ðàâíà |S|, ýòî íà÷àëà âõîæäåíèé S â T .

Ïðèìåð 2:
R = a a b # a a a b a b a

z = 0 1 0 0 2 3 1 0 1 0 1
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Z-ôóíêöèÿ Àëãîðèòì Ãàñôèëäà: êîä

Àëãîðèòì Ãàñôèëäà: êîä

1 vector <int> findGusfield (string s, string t) {

2 vector <int> res;

3 string r = s + "#" + t;

4 int m = s.size (), len = r.size ();

5 vector <int> z (len);

6 z[0] = 0;

7 int lo = 0, hi = 0;

8 for (int i = 1; i < len; i++) {

9 if (i < hi)

10 z[i] = min (z[i - lo], hi - i);

11 while (i + z[i] < len && r[z[i]] == r[i + z[i]])

12 z[i] += 1;

13 if (hi < i + z[i]) {

14 lo = i;

15 hi = i + z[i];

16 }

17 if (z[i] == m)

18 res.push_back (i - m);

19 }

20 return res;

21 }

Ââîä:

aba

ababaaba

Âûâîä:

1 3 6
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Z-ôóíêöèÿ Àëãîðèòì Ãàñôèëäà: êîä

Àëãîðèòì Ãàñôèëäà: êîä

1 vector <int> findGusfield (string s, string t) {

2 vector <int> res;

3 string r = s + "#" + t;

4 int m = s.size (), len = r.size ();

5 vector <int> z (len);

6 z[0] = 0;

7 int lo = 0, hi = 0;

8 for (int i = 1; i < len; i++) {

9 if (i < hi)

10 z[i] = min (z[i - lo], hi - i);

11 while (i + z[i] < len && r[z[i]] == r[i + z[i]])

12 z[i] += 1;

13 if (hi < i + z[i]) {

14 lo = i;

15 hi = i + z[i];

16 }

17 if (z[i] == m)

18 res.push_back (i - m);

19 }

20 return res;

21 }

Ââîä:

abb

ababaaba

Âûâîä:

none
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Z-ôóíêöèÿ Àíàëèç

Àíàëèç

Îáùåå âðåìÿ ðàáîòû:
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Z-ôóíêöèÿ Àíàëèç

Àíàëèç

Îáùåå âðåìÿ ðàáîòû: O(m+ n).
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Z-ôóíêöèÿ Àíàëèç

Àíàëèç

Îáùåå âðåìÿ ðàáîòû: O(m+ n).

Äåéñòâèòåëüíî, ïðè ðîñòå ñîâïàäåíèÿ ÷èñëî hi òîæå

ðàñò¼ò.
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Çàäà÷è

Ñîäåðæàíèå

1 Ââåäåíèå

Îïðåäåëåíèÿ

Çàäà÷à

Íàèâíîå ðåøåíèå

Íàèâíûé àëãîðèòì: êîä

2 Õåøèðîâàíèå ñòðîê

Èäåÿ

Ïîëèíîìèàëüíûé õåø

Õåøè ïîäñòðîê îäèíàêîâîé äëèíû

Àëãîðèòì Ðàáèíà�Êàðïà: êîä

Àíàëèç

Âûáîð êîíñòàíò

Õåøè ïðîèçâîëüíûõ ïîäñòðîê

3 Ïðåôèêñ-ôóíêöèÿ

Èäåÿ

Ïðåôèêñ-ôóíêöèÿ

Ïðèìåð

Ïîèñê ïîäñòðîêè

Àëãîðèòì

Êíóòà�Ìîððèñà�Ïðàòòà: êîä

Àíàëèç

4 Z-ôóíêöèÿ

Èäåÿ

Z-ôóíêöèÿ

Ïðèìåð

Ïîèñê ïîäñòðîêè

Àëãîðèòì Ãàñôèëäà: êîä

Àíàëèç
5 Çàäà÷è

Ãåíåðàòîð ñòðîêè

Ïåðèîä ñòðîêè

6 Ïàëèíäðîìû

Çàäà÷à

Èäåÿ

Ðàäèóñû ïàëèíäðîìîâ

Ïðèìåð

Àëãîðèòì Ìàíàêåðà: êîä

Àíàëèç
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Çàäà÷è Ãåíåðàòîð ñòðîêè

Ãåíåðàòîð ñòðîêè

Çàäà÷à:

Äàíà ñòðîêà S.

Íàéäèòå å¼ ãåíåðàòîð: êðàò÷àéøóþ ñòðîêó G, äëÿ êîòîðîé

S ÿâëÿåòñÿ ïðåôèêñîì áåñêîíå÷íîé ñòðîêè G∗ = GGGGG....
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Çàäà÷è Ãåíåðàòîð ñòðîêè

Ãåíåðàòîð ñòðîêè

Çàäà÷à:

Äàíà ñòðîêà S.

Íàéäèòå å¼ ãåíåðàòîð: êðàò÷àéøóþ ñòðîêó G, äëÿ êîòîðîé

S ÿâëÿåòñÿ ïðåôèêñîì áåñêîíå÷íîé ñòðîêè G∗ = GGGGG....

Ïðèìåð 1: S = ¾ababab¿, G = ¾ab¿.
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Çàäà÷è Ãåíåðàòîð ñòðîêè

Ãåíåðàòîð ñòðîêè

Çàäà÷à:

Äàíà ñòðîêà S.

Íàéäèòå å¼ ãåíåðàòîð: êðàò÷àéøóþ ñòðîêó G, äëÿ êîòîðîé

S ÿâëÿåòñÿ ïðåôèêñîì áåñêîíå÷íîé ñòðîêè G∗ = GGGGG....

Ïðèìåð 2: S = ¾xyz¿, G = ¾xyz¿.
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Ãåíåðàòîð ñòðîêè

Çàäà÷à:

Äàíà ñòðîêà S.

Íàéäèòå å¼ ãåíåðàòîð: êðàò÷àéøóþ ñòðîêó G, äëÿ êîòîðîé

S ÿâëÿåòñÿ ïðåôèêñîì áåñêîíå÷íîé ñòðîêè G∗ = GGGGG....

Ïðèìåð 3: S = ¾abcabca¿, G = ¾abc¿.
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Ãåíåðàòîð ñòðîêè

Çàäà÷à:

Äàíà ñòðîêà S.

Íàéäèòå å¼ ãåíåðàòîð: êðàò÷àéøóþ ñòðîêó G, äëÿ êîòîðîé

S ÿâëÿåòñÿ ïðåôèêñîì áåñêîíå÷íîé ñòðîêè G∗ = GGGGG....

Ïðèìåð 4: S = ¾abaabaab¿, G = ¾aba¿.
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Ãåíåðàòîð ñòðîêè

Çàäà÷à:

Äàíà ñòðîêà S.

Íàéäèòå å¼ ãåíåðàòîð: êðàò÷àéøóþ ñòðîêó G, äëÿ êîòîðîé

S ÿâëÿåòñÿ ïðåôèêñîì áåñêîíå÷íîé ñòðîêè G∗ = GGGGG....

Ïðèìåð 1: S = ¾ababab¿, G = ¾ab¿.

Ïðåôèêñ-ôóíêöèÿ è z-ôóíêöèÿ:

S = a b a b a b

p = 0 0 1 2 3 4

z = 0 0 4 0 2 0
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Ãåíåðàòîð ñòðîêè

Çàäà÷à:

Äàíà ñòðîêà S.
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Çàäà÷à

Çàäà÷à:

Äàíà ñòðîêà S.

Íàéäèòå âñå å¼ ïîäñòðîêè, ÿâëÿþùèåñÿ ïàëèíäðîìàìè.

Ïðèìåð: S = ¾ababaab¿.

Ïàëèíäðîìîâ â ðàçëè÷íûõ ïîçèöèÿõ 13.

Â îáùåì ñëó÷àå èõ ìîæåò áûòü ïîðÿäêà |S|2.
Êàê îðãàíèçîâàòü èíôîðìàöèþ, ÷òîáû óçíàòü î íèõ çà

ëèíåéíîå âðåìÿ?
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ëèíåéíîå âðåìÿ?

Åñëè S[x...y] ïàëèíäðîì, òî S[x+1...y−1]�òîæå ïàëèíäðîì.

Ïîëó÷àåòñÿ, ÷òî äëÿ êàæäîãî öåíòðà ìîæíî íàéòè

ìàêñèìàëüíûé ðàçìåð ïàëèíäðîìà ñ òàêèì öåíòðîì.

Íî ïàëèíäðîìû áûâàþò ÷¼òíîé è íå÷¼òíîé äëèíû!
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Ïàëèíäðîìû Èäåÿ

Èäåÿ

Ïîñòàâèì êàêîé-íèáóäü ñèìâîë (íàïðèìåð, ¾*¿) ìåæäó

êàæäûìè äâóìÿ áóêâàìè S, à òàêæå äî è ïîñëå:

¾abaa¿ → ¾*a*b*a*a*¿.

Òåïåðü áûâøèå ïàëèíäðîìû ÷¼òíîé äëèíû� ýòî

ïàëèíäðîìû íå÷¼òíîé äëèíû ñ öåíòðîì â ¾*¿.
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Ïàëèíäðîìû Èäåÿ

Èäåÿ
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ïàëèíäðîìû íå÷¼òíîé äëèíû ñ öåíòðîì â ¾*¿.

Èäåÿ: óñêîðèì íàèâíîå ðåøåíèå, êîòîðîå äëÿ êàæäîãî

öåíòðà i èùåò ìàêñèìàëüíûé ðàçìåð ïàëèíäðîìà w(i) �
òàêîå ÷èñëî, ÷òî äëÿ âñåõ x < w(i) ñèìâîëû S[i− x] è S[i+ x]
ñîâïàäàþò.

Ïóñòü S = ¾abacababa¿, è ìû èùåì òîëüêî ïàëèíäðîìû

íå÷¼òíîé äëèíû.

Âûÿñíèëè, ÷òî ¾abacaba¿� ïàëèíäðîì.
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íå÷¼òíîé äëèíû.

Âûÿñíèëè, ÷òî ¾abacaba¿� ïàëèíäðîì.

Âíóòðè ýòîé ñòðîêè âîêðóã ïðàâîé áóêâû ¾b¿ âñ¼ òî÷íî

òàê æå, êàê âîêðóã ëåâîé áóêâû ¾b¿ (íî ïåðåâ¼ðíóòî).
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Ïóñòü S = ¾abacababa¿, è ìû èùåì òîëüêî ïàëèíäðîìû

íå÷¼òíîé äëèíû.

Âûÿñíèëè, ÷òî ¾abacaba¿� ïàëèíäðîì.
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òàê æå, êàê âîêðóã ëåâîé áóêâû ¾b¿ (íî ïåðåâ¼ðíóòî).

Ïðèìåð 1:
S = a b a c a b a b a

w = 1 2 1 4 1 2 3 2 1
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òàê æå, êàê âîêðóã ëåâîé áóêâû ¾b¿ (íî ïåðåâ¼ðíóòî).

Ïðèìåð 2:
S = a b a c a b b

w = 1 2 1 3 1 1 1
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Ïàëèíäðîìû Ðàäèóñû ïàëèíäðîìîâ

Ðàäèóñû ïàëèíäðîìîâ

Âû÷èñëÿåì ðàäèóñû ïàëèíäðîìîâ w(i) ñëåâà íàïðàâî.

Ïóñòü ìû íàõîäèìñÿ â ïîçèöèè i ∈ [0,n).
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Ïàëèíäðîìû Ðàäèóñû ïàëèíäðîìîâ

Ðàäèóñû ïàëèíäðîìîâ

Âû÷èñëÿåì ðàäèóñû ïàëèíäðîìîâ w(i) ñëåâà íàïðàâî.

Ïóñòü ìû íàõîäèìñÿ â ïîçèöèè i ∈ [0,n).

Èç íàéäåííûõ ïàëèíäðîìîâ, áóäåì ïîìíèòü òîò, êîòîðûé

êîí÷àåòñÿ êàê ìîæíî ïðàâåå.

Ïóñòü ýòî ïàëèíäðîì S(lo...hi).
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êîí÷àåòñÿ êàê ìîæíî ïðàâåå.

Ïóñòü ýòî ïàëèíäðîì S(lo...hi).

Åñëè ïîçèöèÿ i ëåæèò â (lo...hi), ïîñìîòðèì íà ïîçèöèþ

j = lo+ hi− i.

Ïîäñòðîêà ñ öåíòðîì â j è ëåâûì êðàåì lo� ýòî

ïåðåâ¼ðíóòàÿ ïîäñòðîêà ñ öåíòðîì â i è ïðàâûì êðàåì hi.

Òàê ÷òî îöåíêà ñíèçó íà w(i)� ýòî min(hi− i,w(j)).
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Òàê ÷òî îöåíêà ñíèçó íà w(i)� ýòî min(hi− i,w(j)).

Òåïåðü, ïîêà áóêâû S[i− w(i)] è S[i+ w(i)] ñîâïàäàþò, áóäåì
óâåëè÷èâàòü w(i).
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Òåïåðü, ïîêà áóêâû S[i− w(i)] è S[i+ w(i)] ñîâïàäàþò, áóäåì
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Ïðîâåðèì, íå îêàçàëñÿ ëè êîíåö íàéäåííîãî ïàëèíäðîìà�

ýòî ïîçèöèÿ i+ w(i)�ïðàâåå hi.
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Ïàëèíäðîìû Ïðèìåð

Ïðèìåð

Ïðèìåð:
S = a b c b a b d b a b a b c b

w = 1 1 3 1 2 1 4 1 2 3 2 1 2 1

Èâàí Êàçìåíêî et al. (ÌÊÍ ÑÏáÃÓ) Ñòðîêè 17.12.2025 37 / 40



Ïàëèíäðîìû Àëãîðèòì Ìàíàêåðà: êîä

Àëãîðèòì Ìàíàêåðà: êîä

1 vector <int> palindromes (string t) {

2 int n = t.size ();

3 vector <int> w (n);

4 int lo = 0, hi = 0;

5 for (int i = 0; i < n; i++) {

6 if (i < hi)

7 w[i] = min (w[lo + hi - i], hi - i);

8 while (i - w[i] >= 0 && i + w[i] < n &&

9 t[i - w[i]] == t[i + w[i]])

10 w[i] += 1;

11 if (hi < i + w[i]) {

12 lo = i - w[i];

13 hi = i + w[i];

14 }

15 }

16 return w;

17 }

Ââîä:

ababaab

Âûâîä:

13
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Ïàëèíäðîìû Àíàëèç

Àíàëèç

Îáùåå âðåìÿ ðàáîòû:
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Ïàëèíäðîìû Àíàëèç

Àíàëèç

Îáùåå âðåìÿ ðàáîòû: O(n).
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Ïàëèíäðîìû Àíàëèç

Àíàëèç

Îáùåå âðåìÿ ðàáîòû: O(n).

Äåéñòâèòåëüíî, ïðè ðîñòå ðàäèóñà ÷èñëî hi òîæå ðàñò¼ò.
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Çàâåðøåíèå

Âîïðîñû?

Âîïðîñû?
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