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Ââåäåíèå Êîä

Ìàòðèöà ñìåæíîñòè

1 #include <iostream>

2 #include <vector>

3 using namespace std;

4

5 int main () {

6 int n, m;

7 cin >> n >> m;

8 vector <vector <int> > a (n,

9 vector <int> (n, 0));

10 for (int j = 0; j < m; j++) {

11 int u, v;
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17 }

18 return 0;

19 }
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Ââåäåíèå Êîä

Ñïèñêè ñìåæíûõ âåðøèí

1 #include <iostream>

2 #include <vector>

3 using namespace std;

4

5 int main () {

6 int n, m;

7 cin >> n >> m;

8 vector <vector <int> > adj (n);

9

10 for (int j = 0; j < m; j++) {

11 int u, v;

12 cin >> u >> v;

13 u -= 1;

14 v -= 1;

15 adj[u].push_back (v);

16 adj[v].push_back (u);

17 }

18 return 0;

19 }

Ââîä:

9 8

1 2

1 4

2 7

2 4

4 6

4 7

5 8

7 9

0

1

2

3

4

5

6

7

8

1 3

0 6 3

0 1 5 6

7

3

1 3 8

4

6

Èâàí Êàçìåíêî et al. (ÌÊÍ ÑÏáÃÓ) Ãðàôû 03.12.2025 9 / 29



Ââåäåíèå Êîä

Ñïèñêè ñìåæíûõ âåðøèí

1 #include <iostream>

2 #include <vector>

3 using namespace std;

4

5 int main () {

6 int n, m;

7 cin >> n >> m;

8 vector <vector <int> > adj (n);

9

10 for (int j = 0; j < m; j++) {

11 int u, v;

12 cin >> u >> v;

13 u -= 1;

14 v -= 1;

15 adj[u].push_back (v);

16

17 }

18 return 0;

19 }

Ââîä:

9 11

1 2

2 7

2 4

4 1

7 2

4 6

4 7

5 8

7 4

8 5

9 7

0

1

2

3

4

5

6

7

8

1

6 3

0 5 6

7

1 3

4

6

Èâàí Êàçìåíêî et al. (ÌÊÍ ÑÏáÃÓ) Ãðàôû 03.12.2025 9 / 29



Ïîèñê â øèðèíó

Ñîäåðæàíèå

1 Ââåäåíèå

Îïðåäåëåíèÿ

Çàäàíèå ãðàôà

Õðàíåíèå ãðàôà

Êîä
2 Ïîèñê â øèðèíó

Ïðèìåð

Êîä
3 Ïîèñê â ãëóáèíó

Ïðèìåð

Êîä

4 Íåÿâíûå ãðàôû

Êëåò÷àòàÿ äîñêà

Øàõìàòíûé êîíü
5 Çàäà÷è

Ñâÿçíîñòü

Äåðåâî

Òîïîëîãè÷åñêàÿ

ñîðòèðîâêà

Ìîñòû

Èâàí Êàçìåíêî et al. (ÌÊÍ ÑÏáÃÓ) Ãðàôû 03.12.2025 10 / 29



Ïîèñê â øèðèíó Ïðèìåð

Ïðèìåð

1

2

3

4

5

6

7

8

910

11

Çàäà÷à: íàéäèòå êðàò÷àéøèå ðàññòîÿ-

íèÿ îò âåðøèíû 1 äî âñåõ îñòàëüíûõ

âåðøèí.

Ââîä:

11 12

1 6

1 4

6 7

2 5

4 3

4 2

5 8

7 8

7 9

1 3

3 5

10 11

Âûâîä:

1: 0

3: 1

4: 1

6: 1

5: 2

2: 2

7: 2

8: 3

9: 3

Èâàí Êàçìåíêî et al. (ÌÊÍ ÑÏáÃÓ) Ãðàôû 03.12.2025 11 / 29



Ïîèñê â øèðèíó Ïðèìåð

Ïðèìåð

1

2

3

4

5

6

7

8

910

11

1

Ââîä:

11 12

1 6

1 4

6 7

2 5

4 3

4 2

5 8

7 8

7 9

1 3

3 5

10 11

Âûâîä:

1: 0

3: 1

4: 1

6: 1

5: 2

2: 2

7: 2

8: 3

9: 3

Èâàí Êàçìåíêî et al. (ÌÊÍ ÑÏáÃÓ) Ãðàôû 03.12.2025 11 / 29



Ïîèñê â øèðèíó Ïðèìåð

Ïðèìåð

1

2

3

4

5

6

7

8

910

11

1 3 4 6

Ââîä:

11 12

1 6

1 4

6 7

2 5

4 3

4 2

5 8

7 8

7 9

1 3

3 5

10 11

Âûâîä:

1: 0

3: 1

4: 1

6: 1

5: 2

2: 2

7: 2

8: 3

9: 3

Èâàí Êàçìåíêî et al. (ÌÊÍ ÑÏáÃÓ) Ãðàôû 03.12.2025 11 / 29



Ïîèñê â øèðèíó Ïðèìåð

Ïðèìåð

1

2

3

4

5

6

7

8

910

11

1 3 4 6 5

Ââîä:

11 12

1 6

1 4

6 7

2 5

4 3

4 2

5 8

7 8

7 9

1 3

3 5

10 11

Âûâîä:

1: 0

3: 1

4: 1

6: 1

5: 2

2: 2

7: 2

8: 3

9: 3

Èâàí Êàçìåíêî et al. (ÌÊÍ ÑÏáÃÓ) Ãðàôû 03.12.2025 11 / 29



Ïîèñê â øèðèíó Ïðèìåð

Ïðèìåð

1

2

3

4

5

6

7

8

910

11

1 3 4 6 5 2

Ââîä:

11 12

1 6

1 4

6 7

2 5

4 3

4 2

5 8

7 8

7 9

1 3

3 5

10 11

Âûâîä:

1: 0

3: 1

4: 1

6: 1

5: 2

2: 2

7: 2

8: 3

9: 3

Èâàí Êàçìåíêî et al. (ÌÊÍ ÑÏáÃÓ) Ãðàôû 03.12.2025 11 / 29



Ïîèñê â øèðèíó Ïðèìåð

Ïðèìåð

1

2

3

4

5

6

7

8

910

11

1 3 4 6 5 2 7

Ââîä:

11 12

1 6

1 4

6 7

2 5

4 3

4 2

5 8

7 8

7 9

1 3

3 5

10 11

Âûâîä:

1: 0

3: 1

4: 1

6: 1

5: 2

2: 2

7: 2

8: 3

9: 3

Èâàí Êàçìåíêî et al. (ÌÊÍ ÑÏáÃÓ) Ãðàôû 03.12.2025 11 / 29



Ïîèñê â øèðèíó Ïðèìåð

Ïðèìåð

1

2

3

4

5

6

7

8

910

11

1 3 4 6 5 2 7 8

Ââîä:

11 12

1 6

1 4

6 7

2 5

4 3

4 2

5 8

7 8

7 9

1 3

3 5

10 11

Âûâîä:

1: 0

3: 1

4: 1

6: 1

5: 2

2: 2

7: 2

8: 3

9: 3

Èâàí Êàçìåíêî et al. (ÌÊÍ ÑÏáÃÓ) Ãðàôû 03.12.2025 11 / 29



Ïîèñê â øèðèíó Ïðèìåð

Ïðèìåð

1

2

3

4

5

6

7

8

910

11

1 3 4 6 5 2 7 8

Ââîä:

11 12

1 6

1 4

6 7

2 5

4 3

4 2

5 8

7 8

7 9

1 3

3 5

10 11

Âûâîä:

1: 0

3: 1

4: 1

6: 1

5: 2

2: 2

7: 2

8: 3

9: 3

Èâàí Êàçìåíêî et al. (ÌÊÍ ÑÏáÃÓ) Ãðàôû 03.12.2025 11 / 29



Ïîèñê â øèðèíó Ïðèìåð

Ïðèìåð

1

2

3

4

5

6

7

8

910

11

1 3 4 6 5 2 7 8 9

Ââîä:

11 12

1 6

1 4

6 7

2 5

4 3

4 2

5 8

7 8

7 9

1 3

3 5

10 11

Âûâîä:

1: 0

3: 1

4: 1

6: 1

5: 2

2: 2

7: 2

8: 3

9: 3

Èâàí Êàçìåíêî et al. (ÌÊÍ ÑÏáÃÓ) Ãðàôû 03.12.2025 11 / 29



Ïîèñê â øèðèíó Ïðèìåð

Ïðèìåð

1

2

3

4

5

6

7

8

910

11

1 3 4 6 5 2 7 8 9

Ââîä:

11 12

1 6

1 4

6 7

2 5

4 3

4 2

5 8

7 8

7 9

1 3

3 5

10 11

Âûâîä:

1: 0

3: 1

4: 1

6: 1

5: 2

2: 2

7: 2

8: 3

9: 3

Èâàí Êàçìåíêî et al. (ÌÊÍ ÑÏáÃÓ) Ãðàôû 03.12.2025 11 / 29



Ïîèñê â øèðèíó Ïðèìåð

Ïðèìåð

1

2

3

4

5

6

7

8

910

11

1 3 4 6 5 2 7 8 9

Ââîä:

11 12

1 6

1 4

6 7

2 5

4 3

4 2

5 8

7 8

7 9

1 3

3 5

10 11

Âûâîä:

1: 0

3: 1

4: 1

6: 1

5: 2

2: 2

7: 2

8: 3

9: 3

Èâàí Êàçìåíêî et al. (ÌÊÍ ÑÏáÃÓ) Ãðàôû 03.12.2025 11 / 29



Ïîèñê â øèðèíó Êîä

Êîä breadth-�rst search

1 /* ... */

2 int const infinity = 1E9 + 1;

3 /* ... */

4 vector <int> d (n, infinity);

5 queue <int> q;

6 d[0] = 0;

7 q.push (0);

8 while (!q.empty ()) {

9 auto v = q.front ();

10 q.pop ();

11 cout << v + 1 << ": " << d[v] << endl;

12 for (int u = 0; u < n; u++) if (a[v][u]) {

13 if (d[u] == infinity) {

14 d[u] = d[v] + 1;

15 q.push (u);

16 }

17 }

18 }

19 /* ... */

Âûâîä:

1: 0

3: 1

4: 1

6: 1

5: 2

2: 2

7: 2

8: 3

9: 3

Èâàí Êàçìåíêî et al. (ÌÊÍ ÑÏáÃÓ) Ãðàôû 03.12.2025 12 / 29



Ïîèñê â øèðèíó Êîä

Êîä breadth-�rst search

1 /* ... */

2 int const infinity = 1E9 + 1;

3 /* ... */

4 vector <int> d (n, infinity);

5 queue <int> q;

6 d[0] = 0;

7 q.push (0);

8 while (!q.empty ()) {

9 auto v = q.front ();

10 q.pop ();

11 cout << v + 1 << ": " << d[v] << endl;

12 for (auto u : adj[v]) {

13 if (d[u] == infinity) {

14 d[u] = d[v] + 1;

15 q.push (u);

16 }

17 }

18 }

19 /* ... */

Âûâîä:

1: 0

3: 1

4: 1

6: 1

5: 2

2: 2

7: 2

8: 3

9: 3
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Ïîèñê â ãëóáèíó

Ñîäåðæàíèå

1 Ââåäåíèå

Îïðåäåëåíèÿ

Çàäàíèå ãðàôà

Õðàíåíèå ãðàôà

Êîä
2 Ïîèñê â øèðèíó

Ïðèìåð

Êîä
3 Ïîèñê â ãëóáèíó

Ïðèìåð

Êîä

4 Íåÿâíûå ãðàôû

Êëåò÷àòàÿ äîñêà

Øàõìàòíûé êîíü
5 Çàäà÷è

Ñâÿçíîñòü

Äåðåâî

Òîïîëîãè÷åñêàÿ

ñîðòèðîâêà

Ìîñòû
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6 7

2 5

4 3

4 2

5 8

7 8

7 9

1 3

3 5

10 11

Âûâîä:

in 1

in 3

in 4

in 2

in 5

in 8

in 7

in 6

out 6

in 9

out 9

out 7

out 8

out 5

out 2

out 4

out 3

out 1
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Ïîèñê â ãëóáèíó Êîä

Êîä depth-�rst search

1 /* ... */

2 vector <vector <int> > a;

3 vector <bool> vis;

4 int n, m;

5

6 void dfs (int v) {

7 if (vis[v])

8 return;

9 vis[v] = true;

10 cout << "in " << v + 1 << endl;

11 for (int u = 0; u < n; u++) if (a[v][u]) {

12 dfs (u);

13 }

14 cout << "out " << v + 1 << endl;

15 }

16 /* ... */

17 vis = vector <bool> (n);

18 dfs (0);

19 /* ... */

Âûâîä:

in 1

in 3

in 4

in 2

in 5

in 8

in 7

in 6

out 6

in 9

out 9

out 7

out 8

out 5

out 2

out 4

out 3

out 1
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Ïîèñê â ãëóáèíó Êîä

Êîä depth-�rst search

1 /* ... */

2 vector <vector <int> > adj;

3 vector <bool> vis;

4 int n, m;

5

6 void dfs (int v) {

7 if (vis[v])

8 return;

9 vis[v] = true;

10 cout << "in " << v + 1 << endl;

11 for (auto u : adj[v]) {

12 dfs (u);

13 }

14 cout << "out " << v + 1 << endl;

15 }

16 /* ... */

17 vis = vector <bool> (n);

18 dfs (0);

19 /* ... */

Âûâîä:

in 1

in 6

in 7

in 8

in 5

in 2

in 4

in 3

out 3

out 4

out 2

out 5

out 8

in 9

out 9

out 7

out 6

out 1
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Íåÿâíûå ãðàôû

Ñîäåðæàíèå

1 Ââåäåíèå

Îïðåäåëåíèÿ

Çàäàíèå ãðàôà

Õðàíåíèå ãðàôà

Êîä
2 Ïîèñê â øèðèíó

Ïðèìåð

Êîä
3 Ïîèñê â ãëóáèíó

Ïðèìåð

Êîä

4 Íåÿâíûå ãðàôû

Êëåò÷àòàÿ äîñêà

Øàõìàòíûé êîíü
5 Çàäà÷è

Ñâÿçíîñòü

Äåðåâî

Òîïîëîãè÷åñêàÿ

ñîðòèðîâêà

Ìîñòû
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Íåÿâíûå ãðàôû Êëåò÷àòàÿ äîñêà

Êëåò÷àòàÿ äîñêà

Ïðèìåð 1:

Åñòü êëåò÷àòàÿ äîñêà.

Íåêîòîðûå êëåòêè çàíÿòû.

Ñîñåäíèìè ñ÷èòàþòñÿ êëåòêè, èìåþùèå îáùóþ ñòîðîíó.

Çà îäèí øàã ìîæíî ïåðåìåùàòüñÿ íà ñîñåäíþþ íåçàíÿòóþ

êëåòêó.

Îïðåäåëèòå, äîêóäà ìîæíî äîáðàòüñÿ èç íà÷àëüíîé êëåòêè.

Èâàí Êàçìåíêî et al. (ÌÊÍ ÑÏáÃÓ) Ãðàôû 03.12.2025 17 / 29



Íåÿâíûå ãðàôû Êëåò÷àòàÿ äîñêà

Êëåò÷àòàÿ äîñêà

Ïðèìåð 1:

Åñòü êëåò÷àòàÿ äîñêà.

Íåêîòîðûå êëåòêè çàíÿòû.

Ñîñåäíèìè ñ÷èòàþòñÿ êëåòêè, èìåþùèå îáùóþ ñòîðîíó.

Çà îäèí øàã ìîæíî ïåðåìåùàòüñÿ íà ñîñåäíþþ íåçàíÿòóþ

êëåòêó.

Îïðåäåëèòå, äîêóäà ìîæíî äîáðàòüñÿ èç íà÷àëüíîé êëåòêè.

Êàê áóäåì ðåøàòü:

Ãðàô: âåðøèíû� êëåòêè, ð¼áðà� ïåðåõîäû â ñîñåäåé.
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Íóæíî íàéòè êîìïîíåíòó ñâÿçíîñòè íà÷àëüíîé êëåòêè.
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Îïðåäåëèòå, äîêóäà ìîæíî äîáðàòüñÿ èç íà÷àëüíîé êëåòêè.

Êàê áóäåì ðåøàòü:

Ãðàô: âåðøèíû� êëåòêè, ð¼áðà� ïåðåõîäû â ñîñåäåé.

Íóæíî íàéòè êîìïîíåíòó ñâÿçíîñòè íà÷àëüíîé êëåòêè.

Áóäåì íóìåðîâàòü âåðøèíû è ð¼áðà?
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Íåÿâíûå ãðàôû Êëåò÷àòàÿ äîñêà

Êëåò÷àòàÿ äîñêà� ðåøåíèå

Ãðàô: âåðøèíû� êëåòêè, ð¼áðà� ïåðåõîäû â ñîñåäåé.

Íóæíî íàéòè êîìïîíåíòó ñâÿçíîñòè íà÷àëüíîé êëåòêè.

Âåðøèíà� ýòî êîîðäèíàòû (row, col).
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Íåÿâíûå ãðàôû Êëåò÷àòàÿ äîñêà

Êëåò÷àòàÿ äîñêà� ðåøåíèå

Ãðàô: âåðøèíû� êëåòêè, ð¼áðà� ïåðåõîäû â ñîñåäåé.

Íóæíî íàéòè êîìïîíåíòó ñâÿçíîñòè íà÷àëüíîé êëåòêè.

Âåðøèíà� ýòî êîîðäèíàòû (row, col).

Ð¼áðà:

â (row− 1, col),
â (row, col− 1),
â (row+ 1, col),
â (row, col+ 1).
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Íåÿâíûå ãðàôû Êëåò÷àòàÿ äîñêà

Êëåò÷àòàÿ äîñêà� ðåøåíèå

Ãðàô: âåðøèíû� êëåòêè, ð¼áðà� ïåðåõîäû â ñîñåäåé.

Íóæíî íàéòè êîìïîíåíòó ñâÿçíîñòè íà÷àëüíîé êëåòêè.
1 int const dirs = 4;

2 int const dRow [dirs] = {-1, 0, +1, 0};

3 int const dCol [dirs] = { 0, -1, 0, +1};

4 /* ... */

5 void dfs (int row, int col) {

6 if (vis[row][col]) return;

7 vis[row][col] = true;

8 for (int dir = 0; dir < dirs; dir++) {

9 int nRow = row + dRow[dir];

10 int nCol = col + dCol[dir];

11 if (0 <= nRow && nRow < rows &&

12 0 <= nCol && nCol < cols &&

13 !wall[nRow][nCol]) {

14 dfs (nRow, nCol);

15 }

16 }

17 }
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Íåÿâíûå ãðàôû Øàõìàòíûé êîíü

Øàõìàòíûé êîíü

Ïðèìåð 2:

Íà øàõìàòíîé äîñêå n× n â êëåòêå A ñòîèò êîíü.

Çà êàêîå ìèíèìàëüíîå êîëè÷åñòâî õîäîâ îí ìîæåò ïîïàñòü

â êëåòêó B?
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Íåÿâíûå ãðàôû Øàõìàòíûé êîíü

Øàõìàòíûé êîíü

Ïðèìåð 2:

Íà øàõìàòíîé äîñêå n× n â êëåòêå A ñòîèò êîíü.

Çà êàêîå ìèíèìàëüíîå êîëè÷åñòâî õîäîâ îí ìîæåò ïîïàñòü

â êëåòêó B?

Êàê áóäåì ðåøàòü:

Ãðàô: âåðøèíû� êëåòêè, ð¼áðà� õîäû êîíÿ.
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Íåÿâíûå ãðàôû Øàõìàòíûé êîíü

Øàõìàòíûé êîíü

Ïðèìåð 2:

Íà øàõìàòíîé äîñêå n× n â êëåòêå A ñòîèò êîíü.

Çà êàêîå ìèíèìàëüíîå êîëè÷åñòâî õîäîâ îí ìîæåò ïîïàñòü

â êëåòêó B?

Êàê áóäåì ðåøàòü:

Ãðàô: âåðøèíû� êëåòêè, ð¼áðà� õîäû êîíÿ.

Íóæíî çàïóñòèòü ïîèñê â øèðèíó èç êëåòêè A.
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Íåÿâíûå ãðàôû Øàõìàòíûé êîíü

Øàõìàòíûé êîíü� ðåøåíèå

Ãðàô: âåðøèíû� êëåòêè, ð¼áðà� õîäû êîíÿ.

Íóæíî çàïóñòèòü ïîèñê â øèðèíó èç êëåòêè A.
1 int const dirs = 8;

2 int const dRow [dirs] = {-1, -2, -2, -1, +1, +2, +2, +1};

3 int const dCol [dirs] = {-2, -1, +1, +2, +2, +1, -1, -2};

4 /* ... */

5 while (!q.empty ()) {

6 int row = q.front ().first;

7 int col = q.front ().second;

8 q.pop ();

9 for (int dir = 0; dir < dirs; dir++) {

10 int nRow = row + dRow[dir];

11 int nCol = col + dCol[dir];

12 if (0 <= nRow && nRow < rows &&

13 0 <= nCol && nCol < cols &&

14 d[nRow][nCol] == infinity) {

15 d[nRow][nCol] = d[row][col] + 1;

16 q.push (make_pair (nRow, nCol));

17 }

18 }
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Çàäà÷è

Ñîäåðæàíèå

1 Ââåäåíèå

Îïðåäåëåíèÿ

Çàäàíèå ãðàôà

Õðàíåíèå ãðàôà

Êîä
2 Ïîèñê â øèðèíó

Ïðèìåð

Êîä
3 Ïîèñê â ãëóáèíó

Ïðèìåð

Êîä

4 Íåÿâíûå ãðàôû

Êëåò÷àòàÿ äîñêà

Øàõìàòíûé êîíü
5 Çàäà÷è

Ñâÿçíîñòü

Äåðåâî

Òîïîëîãè÷åñêàÿ

ñîðòèðîâêà

Ìîñòû
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Çàäà÷è Ñâÿçíîñòü

Ñâÿçíîñòü

1

2

3

4

5

6

7

8

9

Äàí íåîðèåíòèðîâàííûé ãðàô. Ïðîâåðüòå, ñâÿçåí ëè îí.
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Çàäà÷è Ñâÿçíîñòü

Ñâÿçíîñòü

1

2

3

4

5

6

7

8

9

Äàí íåîðèåíòèðîâàííûé ãðàô. Ïðîâåðüòå, ñâÿçåí ëè îí.

Êàê áóäåì ðåøàòü:

Çàïóñòèì ïîèñê èç ëþáîé âåðøèíû.
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Çàäà÷è Ñâÿçíîñòü

Ñâÿçíîñòü

1

2

3

4

5

6

7

8

9

Äàí íåîðèåíòèðîâàííûé ãðàô. Ïðîâåðüòå, ñâÿçåí ëè îí.

Êàê áóäåì ðåøàòü:

Çàïóñòèì ïîèñê èç ëþáîé âåðøèíû.

Ìîæíî ïîèñê â øèðèíó, ìîæíî ïîèñê â ãëóáèíó.
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Çàäà÷è Ñâÿçíîñòü

Ñâÿçíîñòü

1

2

3

4

5

6

7

8

9

Äàí íåîðèåíòèðîâàííûé ãðàô. Ïðîâåðüòå, ñâÿçåí ëè îí.

Êàê áóäåì ðåøàòü:

Çàïóñòèì ïîèñê èç ëþáîé âåðøèíû.

Ìîæíî ïîèñê â øèðèíó, ìîæíî ïîèñê â ãëóáèíó.

Ïðîâåðèì, ÷òî ìû ïîñåòèëè âñå âåðøèíû.
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Çàäà÷è Äåðåâî

Äåðåâî

1

2

3

4

5

6

7

8

9

Äàí íåîðèåíòèðîâàííûé ãðàô. Ïðîâåðüòå, ÿâëÿåòñÿ ëè îí

äåðåâîì.
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Çàäà÷è Äåðåâî

Äåðåâî

1

2

3

4

5

6

7

8

9

Äàí íåîðèåíòèðîâàííûé ãðàô. Ïðîâåðüòå, ÿâëÿåòñÿ ëè îí

äåðåâîì.

Êàê áóäåì ðåøàòü:

Ïðîâåðèì ñâÿçíîñòü.
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Çàäà÷è Äåðåâî

Äåðåâî

1

2

3

4

5

6

7

8

9

Äàí íåîðèåíòèðîâàííûé ãðàô. Ïðîâåðüòå, ÿâëÿåòñÿ ëè îí

äåðåâîì.

Êàê áóäåì ðåøàòü:

Ïðîâåðèì ñâÿçíîñòü.

Ïðîâåðèì, ÷òî |V | = |E|+ 1.
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Çàäà÷è Òîïîëîãè÷åñêàÿ ñîðòèðîâêà

Òîïîëîãè÷åñêàÿ ñîðòèðîâêà

Äàí îðèåíòèðîâàííûé ãðàô. Ðàñïîëîæèòå åãî âåðøèíû â

òàêîì ïîðÿäêå, ÷òîáû âñå äóãè ñëåäîâàëè îò áîëåå ðàííèõ

âåðøèí ê áîëåå ïîçäíèì. Èëè âûÿñíèòå, ÷òî ýòî íåâîçìîæíî.
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Çàäà÷è Òîïîëîãè÷åñêàÿ ñîðòèðîâêà

Òîïîëîãè÷åñêàÿ ñîðòèðîâêà

Äàí îðèåíòèðîâàííûé ãðàô. Ðàñïîëîæèòå åãî âåðøèíû â

òàêîì ïîðÿäêå, ÷òîáû âñå äóãè ñëåäîâàëè îò áîëåå ðàííèõ

âåðøèí ê áîëåå ïîçäíèì. Èëè âûÿñíèòå, ÷òî ýòî íåâîçìîæíî.

Ïðèìåð 1:

1

2

3

4

5

Ââîä:

5 6

1 5

5 3

3 2

2 4

5 4

1 3

Âûâîä:

YES

1 5 3 2 4
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Òîïîëîãè÷åñêàÿ ñîðòèðîâêà

Äàí îðèåíòèðîâàííûé ãðàô. Ðàñïîëîæèòå åãî âåðøèíû â

òàêîì ïîðÿäêå, ÷òîáû âñå äóãè ñëåäîâàëè îò áîëåå ðàííèõ

âåðøèí ê áîëåå ïîçäíèì. Èëè âûÿñíèòå, ÷òî ýòî íåâîçìîæíî.

Ïðèìåð 2:

1

2

3

4

5

Ââîä:

5 6

1 5

5 3

3 2

2 4

4 5

1 3

Âûâîä:

NO
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Òîïîëîãè÷åñêàÿ ñîðòèðîâêà

Äàí îðèåíòèðîâàííûé ãðàô. Ðàñïîëîæèòå åãî âåðøèíû â

òàêîì ïîðÿäêå, ÷òîáû âñå äóãè ñëåäîâàëè îò áîëåå ðàííèõ

âåðøèí ê áîëåå ïîçäíèì. Èëè âûÿñíèòå, ÷òî ýòî íåâîçìîæíî.

Êàê áóäåì ðåøàòü:

Ïîñåùàåì âåðøèíû ïîèñêîì â ãëóáèíó.
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òàêîì ïîðÿäêå, ÷òîáû âñå äóãè ñëåäîâàëè îò áîëåå ðàííèõ

âåðøèí ê áîëåå ïîçäíèì. Èëè âûÿñíèòå, ÷òî ýòî íåâîçìîæíî.

Êàê áóäåì ðåøàòü:

Ïîñåùàåì âåðøèíû ïîèñêîì â ãëóáèíó.

Ïóñòü ìû íàõîäèìñÿ â êàêîé-òî âåðøèíå v.
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âåðøèí ê áîëåå ïîçäíèì. Èëè âûÿñíèòå, ÷òî ýòî íåâîçìîæíî.

Êàê áóäåì ðåøàòü:

Ïîñåùàåì âåðøèíû ïîèñêîì â ãëóáèíó.

Ïóñòü ìû íàõîäèìñÿ â êàêîé-òî âåðøèíå v.

Óñëîâèìñÿ, ÷òî, êîãäà âåðøèíà ïîñåùåíà, îíà âûâåäåíà, òî

åñòü äîáàâëåíà â ïîðÿäîê.
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òàêîì ïîðÿäêå, ÷òîáû âñå äóãè ñëåäîâàëè îò áîëåå ðàííèõ

âåðøèí ê áîëåå ïîçäíèì. Èëè âûÿñíèòå, ÷òî ýòî íåâîçìîæíî.

Êàê áóäåì ðåøàòü:
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Ïóñòü ìû íàõîäèìñÿ â êàêîé-òî âåðøèíå v.

Óñëîâèìñÿ, ÷òî, êîãäà âåðøèíà ïîñåùåíà, îíà âûâåäåíà, òî

åñòü äîáàâëåíà â ïîðÿäîê.

Ïîñåòèì âñå âåðøèíû u, èç êîòîðûõ åñòü äóãà u → v.
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Äàí îðèåíòèðîâàííûé ãðàô. Ðàñïîëîæèòå åãî âåðøèíû â

òàêîì ïîðÿäêå, ÷òîáû âñå äóãè ñëåäîâàëè îò áîëåå ðàííèõ

âåðøèí ê áîëåå ïîçäíèì. Èëè âûÿñíèòå, ÷òî ýòî íåâîçìîæíî.

Êàê áóäåì ðåøàòü:

Ïîñåùàåì âåðøèíû ïîèñêîì â ãëóáèíó.

Ïóñòü ìû íàõîäèìñÿ â êàêîé-òî âåðøèíå v.

Óñëîâèìñÿ, ÷òî, êîãäà âåðøèíà ïîñåùåíà, îíà âûâåäåíà, òî

åñòü äîáàâëåíà â ïîðÿäîê.

Ïîñåòèì âñå âåðøèíû u, èç êîòîðûõ åñòü äóãà u → v.

Ïîñëå ýòîãî âûâåäåì âåðøèíó v, òåì ñàìûì âûïîëíèâ

íàøå óñëîâèå.
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Òîïîëîãè÷åñêàÿ ñîðòèðîâêà

Êàê íàéòè âñå òàêèå u, äëÿ êîòîðûõ u → v?
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Òîïîëîãè÷åñêàÿ ñîðòèðîâêà

Êàê íàéòè âñå òàêèå u, äëÿ êîòîðûõ u → v?

Ìîæíî õðàíèòü íå ñàìè ð¼áðà (u → v), à îáðàòíûå ê íèì

(v → u).
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Êàê íàéòè âñå òàêèå u, äëÿ êîòîðûõ u → v?

Ìîæíî õðàíèòü íå ñàìè ð¼áðà (u → v), à îáðàòíûå ê íèì

(v → u).

Ìîæíî íàéòè îáðàòíûé ïîðÿäîê, à ïîòîì åãî ïåðåâåðíóòü.
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Êàê âûÿñíèòü, ÷òî îòâåò íå ñóùåñòâóåò?
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Êàê âûÿñíèòü, ÷òî îòâåò íå ñóùåñòâóåò?

Ó âåðøèíû òðè ñîñòîÿíèÿ:

0 åù¼ íå ïîñåùàëè (fresh),

1 íà÷àëè ïîñåùàòü è íå çàêîí÷èëè (busy),

2 óæå ïîñåòèëè (done).
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Åñëè ìû ïðèøëè ïîñåùàòü âåðøèíó â ñîñòîÿíèè fresh,

çàïóñêàåì àëãîðèòì â íåé.
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íè÷åãî íå äåëàåì ñ íåé.

Åñëè ìû ïðèøëè ïîñåùàòü âåðøèíó â ñîñòîÿíèè busy,

çíà÷èò, ìû íàøëè öèêë, è îòâåò íå ñóùåñòâóåò.
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Òîïîëîãè÷åñêàÿ ñîðòèðîâêà� êîä

1 vector <vector <int> > adj;

2 vector <int> vis;

3 vector <int> order;

4 int n, m;

5

6 enum {fresh, busy, done};

7

8 bool dfs (int v) {

9 if (vis[v] != fresh)

10 return vis[v] == done;

11 vis[v] = busy;

12 for (auto u : adj[v])

13 if (!dfs (u))

14 return false;

15 order.push_back (v);

16 vis[v] = done;

17 return true;

18 }
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Òîïîëîãè÷åñêàÿ ñîðòèðîâêà� êîä

1 cin >> n >> m;

2 adj = vector <vector <int> > (n);

3 for (int j = 0; j < m; j++) {

4 int u, v;

5 cin >> u >> v;

6 u -= 1;

7 v -= 1;

8 adj[v].push_back (u);

9 }

10

11 vis = vector <int> (n);

12 bool ok = true;

13 for (int v = 0; v < n; v++)

14 ok &= dfs (v);

15

16 if (ok) {

17 cout << "YES" << endl;

18 for (auto v : order)

19 cout << v + 1 << " ";

20 cout << endl;

21 }

22 else

23 cout << "NO" << endl;
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Çàäà÷è Ìîñòû

Ìîñòû

Äàí íåîðèåíòèðîâàííûé ãðàô. Íàéäèòå âñå ìîñòû â í¼ì:

ð¼áðà, ïðè óäàëåíèè êîòîðûõ êîëè÷åñòâî êîìïîíåíò ñâÿçíîñòè

óâåëè÷èâàåòñÿ.
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óâåëè÷èâàåòñÿ.

Ïðèìåð:

1

2

3

4

5

6

7

8

9
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Ìîñòû

Äàí íåîðèåíòèðîâàííûé ãðàô. Íàéäèòå âñå ìîñòû â í¼ì:

ð¼áðà, ïðè óäàëåíèè êîòîðûõ êîëè÷åñòâî êîìïîíåíò ñâÿçíîñòè

óâåëè÷èâàåòñÿ.

Ïðèìåð:

1

2

3

4

5

6

7

8

9

Çäåñü ìîñòû� ð¼áðà 4�6 è 7�9.
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Çàäà÷è Ìîñòû

Ìîñòû

Èäåÿ ðåøåíèÿ:

1
1

2
2

3
9

4
4

5
6

6
5

7
3

8
7

9
8

Çàïóñòèì ïîèñê â ãëóáèíó îò âñåõ åù¼ íå ïîñåù¼ííûõ âåðøèí,

çàïèøåì âðåìÿ âõîäà â êàæäîé âåðøèíå (ñèíåå ÷èñëî).
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Èäåÿ ðåøåíèÿ:

1
1

2
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6

6
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7
3

8
7

9
8

Äëÿ êàæäîé âåðøèíû ðàññìîòðèì å¼ ïîääåðåâî â ïîèñêå â

ãëóáèíó (êðàñíûå ñòðåëêè). Âñå ð¼áðà, íå âîøåäøèå â äåðåâî�

îáðàòíûå ð¼áðà (÷¼ðíûå).
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6
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7
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1

8
7

5

9
8

8

Ïîñìîòðèì, êàêèå âðåìåíà âõîäà äîñòèæèìû, åñëè õîäèòü ïî

ýòîìó ïîääåðåâó è â êîíöå, ìîæåò áûòü, ïðîéòè ïî îáðàòíîìó

ðåáðó. Çàïèøåì ìèíèìàëüíîå èç íèõ (êðàñíîå ÷èñëî).
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8

Åñëè â âåðøèíå ñèíåå ÷èñëî (âðåìÿ âõîäà) ðàâíî êðàñíîìó

(ìèíèìóì äîñòèæèìûõ), òî ðåáðî äåðåâà, èäóùåå â ýòó

âåðøèíó, ÿâëÿåòñÿ ìîñòîì (åñëè îíî åñòü).
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8

8

Êàê áûñòðî ïîñ÷èòàòü ýòîò ìèíèìóì? Ýòî ìèíèìóì èç

âðåìåíè âõîäà (ñèíåå ÷èñëî), âðåì¼í âõîäà â ñîñåäåé (÷¼ðíîå

ðåáðî, ñèíåå ÷èñëî) è îòâåòîâ â ïîääåðåâüÿõ (êðàñíàÿ ñòðåëêà,

êðàñíîå ÷èñëî).
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Çàâåðøåíèå

Âîïðîñû?

Âîïðîñû?
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