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o AaroputM EBKAnpa
@ HauGoAbIHE OGN ACAUTEADL
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Aaroputm EBRAEAA

HauGoasmmit 00muii ACAUTEAD

HanboAbmiui oOmmun AeAUTEAD

3apaua:

AaHBI [IeAble YHCAA d U b.

HarianTe X HaMOOALIIIUN OOIWUH ACAWTCAD.
e Ipuwmep: gcd(4,6) = 2

uKO et al. (MKH CII6I'Y)

AnpreGpa u TeOpHsi IUCEA 22.10.2025 4/32



Aaroputm EBRAEAA

HauGoasmmit 00muii ACAUTEAD

HanboAbmiui oOmmun AeAUTEAD
3apaua:
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HanboAbmiui oOmmun AeAUTEAD
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AaHBI [IeAble YHCAA d U b.
HarianTe X HaMOOALIIIUN OOIWUH ACAWTCAD.
e Ipuwmep: gcd(4,6) = 2
e gcd(a,b) = gcd(a — b, b)
e gcd(a,b) = gcd(a mod b, b)
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Aaroputm EBKABAQ HauGoabmmuit 00uuii AGAUTEAD

HanboAbmiui oOmmun AeAUTEAD

3apaua:
AaHBI [IeAble YHCAA d U b.
HarianTe X HaMOOALIIIUN OOIWUH ACAWTCAD.

e Ipuwmep: gcd(4,6) = 2

e gcd(a,b) = gcd(a — b, b)

e gcd(a,b) = gcd(a mod b, b)
@ gcd(a,0) =a
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Aaroputm EBRAEAA

HaumeHnsmee ofmee KpaTHOE

HawnmeHnkbiiee o0I1iee KpaTHOE

3apaua:

AaHBI [IeAble YHCAA d U b.

HatiauTe ux HauMeHblliee 001lee KpaTHOe.
e ITpumep: lcm(4,6) = 12
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3apaua:
AaHBI [IeAble YHCAA d U b.
HatiauTe ux HauMeHblliee 001lee KpaTHOe.
e ITpumep: lcm(4,6) = 12
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Aaroputm EBKABAQ HaumeHnsmee ofmee KpaTHOE

HawnmeHnkbiiee o0I1iee KpaTHOE

3apaua:
AaHBI [IeAble YHCAA d U b.
HatiauTe ux HauMeHblliee 001lee KpaTHOe.
e ITpumep: lcm(4,6) = 12
e gcd(a,b) -lem(a,b) =a-b
@ AOKazaTeAbCTBO:
PaccMoTpuM cTelleHb Ka*kAOT'0 IIPOCTOI'O YHCAA.
a:p®
b:p?
ged(a, b) : pmin(f)
lem(a, b) : pmax(e.f)
o+ B = min(a, §) + max(a, §)
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Aaroputm EBK

2
o
>

1 #include <iostream> Beoa:
2 500000
3 using namespace std; 200000
4

5 int ged (int a, int b) { Boisoa;
6 if (a == 0) return b; 100000
7 return gcd (b % a, a);

8 1}

9

10 int main () {

11 int a, b:;

12 cin >> a >> b;

13 cout << gecd (a, b) << endl;

14 return 0;

15 }
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Aaroputm EBK
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#include <iostream>
using namespace std;

int gcd (int a, int b)
if (a == 0) return
return gcd (b % a,

int lem (int a, int b)
return a / ged (a,
}

int main () {
int a, b;
cin >> a >> b;
cout << lcm (a, b)
return O;

HKO et al. (MKH CIIGI'Y)

{
b;
a);

b) * b;

<< endl;
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500000
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Aaroputm EBRAEAA

2
o
>

1 #include <cassert> Beoa:
2 #include <iostream> 12 5
3 using namespace std;

4 BriBoa;
5 int gcdExt (int a, int b, int & x, int & y) { 1

6 if (a == 0) {x = 0; y = 1; return b;}

7 auto res = gcdiExt (b % a, a, y, x);

8 x = (b / a) * y;

9 assert (x * a +y * b == res);

10

11 return res;

12 }

13

14 int main () {

15 int a, b, x, y;

16 cin >> a >> b;

17 cout << gcdExt (a, b, %, y) << endl;

18 return O;

19 }
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Aaropurm EBK

2
o
>

1 #include <iostream> Beoa:

2 12 5

3 using namespace std;

4 BriBoa;

5 int gcdExt (int a, int b, int & x, int & y) { 1 *1+0*2=1

6 if (a == 0) {x = 0; y = 1; return b;} -2 * 24+ 1 *5=1
7 auto res = gcdiExt (b % a, a, y, x); 5* 5+ -2 * 12 =1
8 x -= (b / a) * y; -2 * 12 45 * 5 =1
9 cout << x << "M * " << g << "4 "< 1

10 y << " F "< Db <K< " =" << res << endl;

11 return res;

12 }

13

14 int main () {

15 int a, b, x, y;

16 cin >> a >> b;

17 cout << gcdExt (a, b, %, y) << endl;

18 return O;

19 }
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Aaroputm EBKABAQ AunneitHoe npeacTaBaerne HOA,

AwmHerHoe 1nipepcTaBaeHre HOA,

3apaua:
Aanbl 1ieable uncaa a u b. IMyctrs d = ged(a, b).
HavipnTe Takue IleAble UMCAQ X U Y, UTO Xd + yb = d.

o lpumep: a =12, b=5:(-2)-12+5-5=1
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3apaua:
Aanbl 1ieable uncaa a u b. IMyctrs d = ged(a, b).
HavipnTe Takue IleAble UMCAQ X U Y, UTO Xd + yb = d.

o lpumep: a =12, b=5:(-2)-12+5-5=1
ey - (bmoda)+x'-a=d
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Aaroputm EBKABAQ AunneitHoe npeacTaBaerne HOA,

AwmHerHoe 1nipepcTaBaeHre HOA,

3apaua:
Aanbl 1ieable uncaa a u b. IMyctrs d = ged(a, b).
HavipnTe Takue IleAble UMCAQ X U Y, UTO Xd + yb = d.

o lpumep: a =12, b=5:(-2)-12+5-5=1
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Aaroputm EBKABAQ AunneitHoe npeacTaBaerne HOA,

AwmHerHoe 1nipepcTaBaeHre HOA,

3apaua:
Aanbl 1ieable uncaa a u b. IMyctrs d = ged(a, b).
HavipnTe Takue IleAble UMCAQ X U Y, UTO Xd + yb = d.

o lpumep: a =12, b=5:(-2)-12+5-5=1
oy - (bmoda)+x-a=d

ey -b+tx-a=d

oy -(bmoda+bdiva-a)+x-a=d
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Aaroputm EBKABAQ AunneitHoe npeacTaBaerne HOA,

AwmHerHoe 1nipepcTaBaeHre HOA,

3apaua:
Aanbl 1ieable uncaa a u b. IMyctrs d = ged(a, b).
HavipnTe Takue IleAble UMCAQ X U Y, UTO Xd + yb = d.

o lpumep: a =12, b=5:(-2)-12+5-5=1
y -(bmoda)+x'-a=d

y-b+x-a=d
y-(bmoda+bdiva-a)+x-a=d
y-(bmoda)+ (x+bdiva-y)-a=d
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Aaroputm EBKABAQ AunneitHoe npeacTaBaerne HOA,

AwmHerHoe 1nipepcTaBaeHre HOA,

3apaua:
Aanbl 1ieable uncaa a u b. IMyctrs d = ged(a, b).
HavipnTe Takue IleAble UMCAQ X U Y, UTO Xd + yb = d.

o lpumep: a =12, b=5:(-2)-12+5-5=1
y -(bmoda)+x'-a=d

y-b+x-a=d
y-(bmoda+bdiva-a)+x-a=d
y-(bmoda)+ (x+bdiva-y)-a=d
y=y,x=x"—bdiva-y
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BEIYUCAEHUS MO M

CopepxaHue

g BBIYHCACHUA [TO MOAYAIO
@ PaboTa € OCTAaTKaMH IO MOAYAIO
@ «MepnreHHOe» YMHOKEHUE
@ «BrIcTpoe» BO3BEAEHHE B CTEIICHD
@ Kop
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PaboTa ¢ ocTaTKamMu I10 MOAYAIO

IMocTaHOBKa 3aAauM: HYKHO TIPOM3BOAUTH apudMeTHdecKue
AEUCTBUS Hap IIEABIMU YWCAAMHU II0 MOAYAIO M.
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IMocTaHOBKa 3aAauM: HYKHO TIPOM3BOAUTH apudMeTHdecKue
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e Aemma 1: (a + b) mod m = ((a mod m) & (b mod m)) mod m.
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PaboTa ¢ ocTaTKamMu I10 MOAYAIO

IMocTaHOBKa 3aAauM: HYKHO TIPOM3BOAUTH apudMeTHdecKue
AEUCTBUS Hap IIEABIMU YWCAAMHU II0 MOAYAIO M.

e Aemma 1: (a + b) mod m = ((a mod m) & (b mod m)) mod m.

e Aemma 2: (a-b) mod m = ((a@ mod m) - (b mod m)) mod m.
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PagoTa ¢ 0CTATKANT 1O MOAYAI
PaboTa ¢ ocTaTKamMu I10 MOAYAIO
[TocTaHOBKa 3aAauM: HY’KHO ITPOM3BOAUTE apru(pMeTUIecKHue
ACHUCTBHS HaA I[EABIMU YHCAAMU 110 MOAYAIO M.
e Aemma 1: (a + b) mod m = ((a mod m) & (b mod m)) mod m.
e Aemma 2: (a-b) mod m = ((a@ mod m) - (b mod m)) mod m.

@ AASl pAeAeHUS TaKoe PAaBEeHCTBO HEBEPHO.
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BEIYMCAEHUS IO MOAYAIO PaBoTa ¢ ocTaTKaMH MO MOAYAIO

PaboTa ¢ ocTaTkaMu I10 MOAYAIO
TTocTaHOBKa 3aAaui: HYKHO TIPOU3BOAUTEL apudMeTHIecKre
ACHUCTBHS HaA I[EABIMU YHCAAMU 110 MOAYAIO M.
e Aemma 1: (a + b) mod m = ((a mod m) & (b mod m)) mod m.
e Aemma 2: (a-b) mod m = ((a@ mod m) - (b mod m)) mod m.
@ AASI AeAEHUSI TaKOe PABEHCTBO HEBEPHO.

e Python: (—37) mod 10 =3
Apyrue s3biku: (—37) mod 10 = —7
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BEIYMCAEHUS IO MOAYAIO PaBoTa ¢ ocTaTKaMH MO MOAYAIO

PaboTa ¢ ocTaTkaMu I10 MOAYAIO
TTocTaHOBKa 3aAaui: HYKHO TIPOU3BOAUTEL apudMeTHIecKre
ACHUCTBHS HaA I[EABIMU YHCAAMU 110 MOAYAIO M.
e Aemma 1: (a + b) mod m = ((a mod m) & (b mod m)) mod m.
e Aemma 2: (a-b) mod m = ((a@ mod m) - (b mod m)) mod m.
@ AASI AeAEHUSI TaKOe PABEHCTBO HEBEPHO.

e Python: (—37) mod 10 =3
Apyrue s3biku: (—37) mod 10 = —7

@ [Touemy: div 1 mod BBEIYMCASIIOTCS OAHOBPEMEHHO, U IIPU 3TOM
div OKpyTASIET K HYAIO.
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«MepnreHHOe» YMHOKEHUE

[TocTaHOBKa 3aAaui: BhIUMCAeHMe (a - b) mod m.
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Y CRAGTETRED PRrEeTe

«MeapnreHHOE» YMHOKEHUEe

[TocTaHOBKa 3aAaui: BhIUMCAeHMe (a - b) mod m.

EcAu uncAa mopsiaka m? [OMelNaroTcsl B TUI AAHHBIX, MOKHO
MMPOCTO TPUMEHUTL AeMMy 2:

(a-b) mod m = ((a mod m) - (b mod m)) mod m.

HKO et al. (MKH CIIGI'Y)
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Y CRAGTETRED PRrEeTe

«MeapnreHHOE» YMHOKEHUEe

[TocTaHOBKa 3aAaui: BhIUMCAeHMe (a - b) mod m.

Ecam xe umcao H’l2 CAMIITKOM BEAMKO, MOJKHO IIPOM3BECTH

YMHOYKEHUE «B CTOAOMK» B ABOMYHOM 3aTIMCH:
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Ecam xe umcao H’l2 CAMIITKOM BEAMKO, MOJKHO IIPOM3BECTH

YMHOYKEHUE «B CTOAOMK» B ABOMYHOM 3aTIMCH:

@ BrnmumcamM a mod m, 2a mod m, 4a mod m, 8a mod m,
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BEIYMCAEHUS IO MOAYAIO «MepreHHOe» yMHOKEeHHe

«MeapnreHHOE» YMHOKEHUEe

[TocTaHOBKa 3aAaui: BhIUMCAeHMe (a - b) mod m.

Ecam xe umcao H’l2 CAMIITKOM BEAMKO, MOJKHO IIPOM3BECTH

YMHOXEHUE «B CTOAOUK» B ABOWYHOW 3aTlVCH:
@ BrumumcamM a mod m, 2a mod m, 4a mod m, 8a mod m, . ...

4 PaCCMOTpI/IM ABOWYHYIO 34lTUCH bu MMPpOCyMMHUpPyeM HYXHBIC

caaraeMble C lIpeAbIAyHIero Iiara, IIOCAe KAa>XAOI'0 CAOXKeHUs
BBIUUCAMASL OCTATOK ITIO MOAYAIO m.
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BEIYMCAEHUS IO MOAYAIO «MepreHHOe» yMHOKEeHHe

«MeapnreHHOE» YMHOKEHUEe

[TocTaHOBKa 3aAaui: BhIUMCAeHMe (a - b) mod m.
ECAM JKe YMCAO m? CAUIIKOM BEAMKO, MOKHO IIPOM3BECTH

YMHOXEHUE «B CTOAOUK» B ABOWYHOW 3aTlVCH:
@ BrumumcamM a mod m, 2a mod m, 4a mod m, 8a mod m, . ...

@ PaccMOTpUM ABOMYHYIO 3aMuCh b M MPOCYMMUPYEM HY>KHBIE
cAaraeMble C IIPEABIAYIIEro IIara, [OCAe KaXKAOI'O CAOMKEHUSI
BBIYUCASISI OCTATOK II0 MOAYAIO M.

o Ilpumep: a =13, b =10, m = 21.
b=1010=10100=2+18
(1-a) mod m=13
(2-a) mod m = (134 13) mod 21 =26 mod 21 =5
(4-a) mod m = (5+ 5) mod 21 = 10
(8- a) mod m = (10 + 10) mod 21 = 20
Ortser: (((2-a) mod m) + ((8 - @) mod m)) mod m =
(5+ 20) mod m = 25 mod 21 = 4.
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BEIYMCAEHUS IO MOAYAIO «MepreHHOe» yMHOKEeHHe

«MeapnreHHOE» YMHOKEHUEe

[TocTaHOBKa 3aAaui: BhIUMCAeHMe (a - b) mod m.
ECAM JKe YMCAO m? CAUIIKOM BEAMKO, MOKHO IIPOM3BECTH
YMHOKEHHWE «B CTOAOMK» B ABOMYHOM 3aTTHCH:
o IMpumep: a =13, b =10, m = 21.
b=10;0=10100=2+8
(1-a) mod m=13
(2-a) mod m = (13 + 13) mod 21 = 26 mod 21 =5
(4-a) mod m = (5+ 5) mod 21 = 10
(8- a) mod m = (10 + 10) mod 21 = 20
Otser: (((2-a) mod m) + ((8 - @) mod m)) mod m =
(5+ 20) mod m = 25 mod 21 = 4.
o IIpoBepka:
(13-10) mod 21 = 130 mod 21 = (126 + 4) mod 21 = 4.
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BEIYMCAEHUS IO MOAYAIO «MepreHHOe» yMHOKEeHHe

«MeapnreHHOE» YMHOKEHUEe

[TocTaHOBKa 3aAaui: BhIUMCAeHMe (a - b) mod m.
ECAM JKe YMCAO m? CAUIIKOM BEAMKO, MOKHO IIPOM3BECTH
YMHOKEHHWE «B CTOAOMK» B ABOMYHOM 3aTTHCH:
o IMpumep: a =13, b =10, m = 21.
b=10;0=10100=2+8
(1-a) mod m=13
(2-a) mod m = (13 + 13) mod 21 = 26 mod 21 =5
(4-a) mod m = (5+ 5) mod 21 = 10
(8- a) mod m = (10 + 10) mod 21 = 20
Otser: (((2-a) mod m) + ((8 - @) mod m)) mod m =
(5+ 20) mod m = 25 mod 21 = 4.
o IIpoBepka:
(13-10) mod 21 = 130 mod 21 = (126 + 4) mod 21 = 4.

@ 3ameTHuM, YTO IIPU BBIYMCAEHHUSIX MOI'YT IIOAYUYUTHCS TOABKO
yrucaa oT 0 A0 2-m — 2.
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BEIYMCAEHUS IO MOAYAIO «MepreHHOe» yMHOKEeHHe

«MeapnreHHOE» YMHOKEHUEe

[TocTaHOBKa 3aAaui: BhIUMCAeHMe (a - b) mod m.
ECAM JKe YMCAO m? CAUIIKOM BEAMKO, MOKHO IIPOM3BECTH

YMHOXEHUE «B CTOAOUK» B ABOWYHOW 3aTlVCH:
@ BrumumcamM a mod m, 2a mod m, 4a mod m, 8a mod m, . ...

4 PaCCMOTpI/IM ABOWYHYIO 34lTUCH bu MMPpOCyMMHUpPyeM HYXHBIC
caaraeMble C lIpeAbIAyHIero Iiara, IIOCAe KAa>XAOI'0 CAOXKeHUs
BBIUUCAMASL OCTATOK ITIO MOAYAIO m.

o BpeMs paOoTsI: log, b CAOKEHUM IO MOAYAIO AASL BEIYMCAEHUS
(2k . a) mod m n He Gonee log, b CAOKEHHMI TIO MOAYAIO AAST
CyMMMPOBAHHSI HY KHBIX CAAraeMbIX.
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«BBICTpOE» BO3BEAEHUE B CTEIEHb

I[TocTaHOBKa 3apaum: BEIUMCAEHUE ab mod m.
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BEIYHCACHHS ITO MOAYAIO «BBICTPOE» BO3BEAEHUE B CTEMEHb

«BBICTpOE» BO3BEAEHUE B CTEIEHb

ITocTaHOBKa 3apauyM: BhIUKMcAeHMe a’ mod m.

ByaeM AelCTBOBATH @HAAOTMUYHO: YMHOKEHNE MOJKHO IIPEeACTaBUTh
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ByaeM AelCTBOBATH @HAAOTMUYHO: YMHOKEHNE MOJKHO IIPEeACTaBUTh
KaK TTOCAEAOBATEABHOCTL CAOKEHUM, a BO3BeAeHe B CcTeleHb —
KakK II0CAEAOBATEABHOCTE YMHOXXEHUH.

@ Borumcaum a mod m, a® mod m, a* mod m, a® mod m, .. ..

(] PaCCMOTpI/IM ABOHNYHYIO 3dllNCh b 1 BBIMHCAUM IIpousBepeHre
HY>KHBIX MHOXUTEAEHN C IIPEABIAYIIErO IIara, MocAe Ka*kKAOTo
YMHOXXEHUSI BBIYHCASIST OCTATOK II0 MOAYAIO In.

o IMpumep: a =13, b=5 m = 21.
b=51p=101,=1+4
a' mod m = 13
a? mod m = (13- 13) mod 21 = 169 mod 21 = 1

a'modm=(1-1) mod 21 =1

Ortser: ((a! mod m) - (a* mod m)) mod m = (13- 1) mod m = 13.

VBaun Kasmenko et al. (MKH CII6I'Y) Aarefpa u TEOPHS YHCEA 22.10.2025 11/32



BEIYHCACHHS ITO MOAYAIO «BBICTPOE» BO3BEAEHUE B CTEMEHb

«BBICTpOE» BO3BEAEHUE B CTEIEHb

IMocTanoBKa 3apaum: BerUucAenue a’ mod m.
ByaeM apelicTBOBATh @HAAOIMYHO: YMHOJKEHHE MOJKHO NPEACTABUTH
KaK ITOCAEAOBATEABHOCTL CAOKEHUM, @ BO3BeAeHHUe B CTeleHb —
KaK IIOCAEAOBATEABHOCTb YMHOKEHUM.
o Ilpumep: a =13, b=5 m = 21.
b=5,p=101,=1+4
a' mod m = 13
a® mod m = (13- 13) mod 21 = 169 mod 21 = 1
a*modm = (1-1)mod 21 =1
Ortgert: ((a' mod m) - (a* mod m)) mod m = (13- 1) mod m = 13.
e IMpoeepka: (13°) mod 21 = 371293 mod 21 = 13.
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«BBICTpOE» BO3BEAEHUE B CTEIEHb

IMocTanoBKa 3apaum: BerUucAenue a’ mod m.
ByaeM A€MCTBOBATH aHAAOTMYHO: YMHOJKEHHE MOJKHO IIPEACTaBUTh
KaK TTOCAEAOBATEABHOCTE CAOKEHUH, a BO3BEACHUE B CTEIIEHL —
KaK II0CAEAOBATEABHOCTh YMHOKEHHH.
o Ilpumep: a =13, b=5 m = 21.
b=5,p=101,=1+4
a' mod m = 13
a® mod m = (13- 13) mod 21 = 169 mod 21 = 1
a*modm = (1-1)mod 21 =1
Ortgert: ((a' mod m) - (a* mod m)) mod m = (13- 1) mod m = 13.
e IMpoeepka: (13°) mod 21 = 371293 mod 21 = 13.
@ 3aMeTHM, UYTO TP BBIUMCACHUSIX MOTYT IOAYYHUTLCS TOABKO
uncaa ot 0 po (m — 1)2.
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«BBICTpOE» BO3BEAEHUE B CTEIEHb

ITocTaHOBKa 3apauyM: BhIUKMcAeHMe a’ mod m.
ByaeM AelCTBOBATH @HAAOTMUYHO: YMHOKEHNE MOJKHO IIPEeACTaBUTh

KaK
KakK

TTOCAEAOBATEABHOCTE CAOKEHUM, a BO3BeAeHUe B CTelleHb —
IIOCAEAOBATEABHOCTb YMHOXKEHUH.

IIpumep: a =13, b=5 m = 21.

b=5,p=101,=1+4

a' modm =13

a® mod m = (13- 13) mod 21 = 169 mod 21 = 1
a*modm = (1-1)mod 21 =1

Ortgert: ((a' mod m) - (a* mod m)) mod m = (13- 1) mod m = 13.

IMposepka: (13°) mod 21 = 371293 mod 21 = 13.

3aMeTHM, YTO IPU BBIUUCAEHUSAX MOTYT IIOAYYUTHCS TOABKO
uncaa ot 0 po (m — 1)2.

Ecan yMHOKeHUS 110 MOAYAIO PEAaAU30BaTh IIPHU [IOMOIIH
«MEAAEHHOI'0» YMHOJKEHHUS, IPA BEUNCAEHUSIX MOT'YT BHOBB
IIOAYUYHUTBLCS TOABKO 4ucAd OoT 0 po 2-m — 2.
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BEIYHCACHHS ITO MOAYAIO «BBICTPOE» BO3BEAEHUE B CTEMEHb

«BBICTpOE» BO3BEAEHUE B CTEIEHb

ITocTaHOBKa 3apauyM: BhIUKMcAeHMe a’ mod m.

ByaeM AelCTBOBATH @HAAOTMUYHO: YMHOKEHNE MOJKHO IIPEeACTaBUTh
KaK TTOCAEAOBATEABHOCTL CAOKEHUM, a BO3BeAeHe B CcTeleHb —
KakK II0CAEAOBATEABHOCTE YMHOXXEHUH.

@ Borumcaum a mod m, a® mod m, a* mod m, a® mod m, .. ..

(] PaCCMOTpI/IM ABOHNYHYIO 3dllNCh b 1 BBIMHCAUM IIpousBepeHre
HY>XHBIX MHO>XUTEAEH C IIpeABIAyIIero Iiara, IocCae Ka>XKAO0T'o
YMHOXXEHUSI BBIYHCASIST OCTATOK II0 MOAYAIO In.

@ Bpems paboThI: logy b YMHOKEHUI TT0 MOAYAIO AAST

k o
BBIYMCAeHUs1 a> mod m u He Goaee log, b YMHOKeHMIA 110

MOAYAIO AAS TICPEMHOKEHUA HYXKHBIX COMHOXUTEALH.
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BEIYHCACHHS ITO MOAYAIO Koa

1 #include <iostream>

2 using namespace std;

3

4 int mulMod (int a, int b, int m) {
5 int res = 0;

6 for ( ; b > 0; b >= 1) {

7 if (b & 1)

8 res = (res + a) % m;

9 a=(a+ a) % m;

10 }

11 return res;

12 }

13

14 int main () {

15 int a, b, m;

16 cin >> a >> b >> m;

17 cout << mulMod (a, b, m) << endl;
18 return O;

19 }

Vean Kasmenko et al. (MKH CII6IY) AnpreGpa u TeOpHsi IUCEA
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BEIYHCACHHS ITO MOAYAIO Koa

1 #include <iostream>

2 using namespace std;

3

4 int powMod (int a, int b, int m) {

5 int res = 1 % m;

6 for ( ; b > 0; b >= 1) {

7 if (b & 1)

8 res = (res * 1LL * a) % m;
9 a=(a* 1LL * a) % m;

10 }

11 return res;

12 }

13

14 int main () {

15 int a, b, m;

16 cin >> a >> b >> m;

17 cout << powMod (a, b, m) << endl;
18 return O;

19 }

Vean Kasmenko et al. (MKH CII6IY) AnpreGpa u TeOpHsi IUCEA
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CopepxaHue

e AATOPUTMEI 3a sqrt n
@ 3apaum

@ Kop

Aarefpa u TEOPHS JHCEA
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AArOpuUTMEL 3a Sqrt n 3apaun

3apauu

AaHo 4YurCcAO n.
@ 3apaua 1: BepHO AM, UTO n TPOCTOE?
o [Tpumepsl: n = 89 mpocToe, n = 87 COCTaBHOE.

@ 3apaua 2: Ha¥AUTEe PasAOKeHUsST YUCAQ N Ha TPOCTLIe
MHO>XUTEAHN.

e 3apaua 3: navipure pyHKIMO Otirepa ¢(n): KOAUIECTBO YUCEA
oT 0 po n — 1, B3aUMHO MPOCTHIX C N.

o Kak HanTu 3Hadyenve PyHKOUM DMaepa?
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AArOpuUTMEL 3a Sqrt n 3apaun

3apauu

AaHo 4YurCcAO n.
@ 3apaua 1: BepHO AM, UTO n TPOCTOE?
o [Tpumepsl: n = 89 mpocToe, n = 87 COCTaBHOE.

@ 3apaua 2: Ha¥AUTEe PasAOKeHUsST YUCAQ N Ha TPOCTLIe
MHO>XUTEAHN.

e 3apaua 3: navipure pyHKIMO Otirepa ¢(n): KOAUIECTBO YUCEA
oT 0 po n — 1, B3aUMHO MPOCTHIX C N.

o Kak HanTu 3Hadyenve PyHKOUM DMaepa?

—_ (03] (6% Qg
Qn_pl .pz...pk
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MBI 3@ Sqrt n

#include <iostream>
using namespace std;

bool prime (int n) {
if (n < 2) return false;
for (int d = 2; 4 * d <= n; d++) {
if (n $ d == 0) {
return false;
}
}
return true;

}

int main () {
int k;
while (cin >> k) {
cout << prime (k) << endl;
}
return 0;

HKO et al. (MKH CIIGI'Y)

Aarefpa u TEOPHS YHCEA
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#include <iostream>
#include <utility>
#include <vector>
using namespace std;
vector <pair <int, int> > divisors (int n) {
vector <pair <int, int> > res;
for (int d = 2; d * d <= n; d++) {
if (n % d == 0) {
res.push_back ({d, 0});
while (n % d == 0) {
n /= d;
res.back ().second += 1;

}
}
if (n > 1) res.push_back ({n, 1});
return res;
}
int main () {
int k;
while (cin >> k) {
auto d = divisors (k);
cout << k << ":" << endl;
for (auto p : d) cout << p.first << "A" << p.second
}
return 0;

MBan Ka:

enko et al. (MKH CIIGIY) AnpreGpa u TeOpHsi IUCEA
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<< endl;
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MBI 3@ Sqrt n
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#include <iostream>
using namespace std;

int phi (int n) {
int res = n;
for (int d = 2; 4 * d <= n; d++) {
if (n % d == 0) {
res = res / d * (d - 1);
while (n % 4 == 0)
n /= d;
}
}
if (n > 1) res =res / n * (n - 1);
return res;

int main () {
int k;
while (cin >> k) {
cout << phi (k) << endl;
}
return O;

HKO et al. (MKH CIIGI'Y)
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PaTHBIA 3AEMEHT IO MO,

CopepxaHue

e OOpaTHEIN 3AEMEHT 10 MOAYAIO
@ [TpocToil MOAYAB
@ Ar060i MOAYAB

Aarefpa u TEOPHS JHCEA
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OOpaTHEIN AEMEHT 0 MOAYAIO

TTpocToit MOAYAR
[IpocTont mopayAb

Aaubpt uncraau p € P (0 < a < p).
Hatipure Takoe b, uto (a-b) mod p = 1.
Apyras 3anuck: a-b =1 (mod p).
O6o3Hauenue: b = a !

HKO et al. (MKH CIIGI'Y)
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Aaubpt uncraau p € P (0 < a < p).
Hatipure Takoe b, uto (a-b) mod p = 1.
Apyras 3anuck: a-b =1 (mod p).
O6o3Hauenue: b = a !

e Manas teopema ®@epma: ! =1 (mod p).
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TTpocToit MOAYAR
[IpocTont mopayAb

Aaubpt uncraau p € P (0 < a < p).
Hatipure Takoe b, uto (a-b) mod p = 1.
Apyras 3anuck: a-b =1 (mod p).
O6o3Hauenue: b = a !

e Manas teopema ®@epma: ! =1 (mod p).

1
e A snauum (?), a”=?> =a~! (mod p).
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OOpaTHEIN AEMEHT 0 MOAYAIO TTpocToit MOAYAR

[IpocTont mopayAb

Aaubpt uncraau p € P (0 < a < p).
Hatipure Takoe b, uto (a-b) mod p = 1.
Apyras 3anuck: a-b =1 (mod p).

O6Gosuauenue: b = a~ 1.

e Manas teopema ®@epma: ! =1 (mod p).
e A snauum (?), a”=?> =a~! (mod p).

o Ilpumep: p = 7.
a0 1

—_ RN A=, Ol
DO = O == OlW
_ N R RN O
D WN Ok~ OlUn
il N e Ee2)
D Uk W= Ol
—_ R NN R =, Ol

0 2
1|1
211
311
4 11
511
6 |1

S Uk W - O
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OOpaTHEIN AEMEHT 0 MOAYAIO AI060iT MOAYAB

AX0001 MOAYAB

Aanbl unicra a u n (0 < a < n). Hatiaute b = a .
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OOpaTHEIN AEMEHT 0 MOAYAIO AI060iT MOAYAB

AX0001 MOAYAB

Aanbl unicra a u n (0 < a < n). Hatiaute b = a .

e Teopema Jitaepa: gcd(a,n) = 1 = a*(™ =1 (mod n).
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AX0001 MOAYAB

Aanbl unicra a u n (0 < a < n). Hatiaute b = a .

e Teopema Jitaepa: gcd(a,n) = 1 = a*(™ =1 (mod n).

—1

e A snauum (?), a?™-1=q mod n), KOTAa OTBET CYHIeCTBYET.
Yy Yy
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OOpaTHEIN AEMEHT 0 MOAYAIO AI060iT MOAYAB

AX0001 MOAYAB

Aanbl uncaa a 1 n (0 < a < n). Hatiaute b = a~ .
e Teopema Jitaepa: gcd(a,n) = 1 = a*(™ =1 (mod n).

o A snauum (?), a?™M-1 = q~!

(mod n), KOrA@ OTBET CYIIECTBYET.
° HpI/IMep n=10.

alo 1
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AMCKpeTHEIN Aorapudm

CopepxaHue

e AUCKpPeTHBIN AorapugpM
@ 3apaua

@ TTpumepsr

@ Kak yCTpOeHBI CTelleHn
@ Baby-step giant-step

@ Kop

MBau Ka < CTI6CY Aarefpa u TEOPHS JHCEA 22.10.2025 19/32



AMCKpeTHEIN Aorapudm 3apaua

3apaua

© AaHbl OCHOBaHUE @, YHCAO V U MOAYAb M.
e Paccmotpum umncaa a® mod m, a' mod m, a®> mod m, ...
e HaiipéM mepBoe U3 HUX, KOTOpoe paBHO V: @ mod m = v.

@ TlokazaTeAb CTeleHU K — 3TO U eCTb AUCKPETHBIA AoTapudM.
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AMCKpeTHEIN Aorapudm 3apaua

3apaua
© AaHbl OCHOBaHUE @, YHCAO V U MOAYAb M.
e Paccmotpum umncaa a® mod m, a' mod m, a®> mod m, ...
e HaiipéM mepBoe U3 HUX, KOTOpoe paBHO V: @ mod m = v.
@ TlokazaTeAb CTeleHU K — 3TO U eCTb AUCKPETHBIA AoTapudM.
@ OOBIYHO AOCTaTOYHO HAWTK HE MUHMMAaAbHOeE k, a Ato0oe.
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AMCKpeTHEIN Aorapudm TMpumepst

[ Iprumepsl

e Hausnoe pemtenue: 6yaeM BorurcaaTs a® mod m, a' mod m,
a’? mod m, ..., TOKa OYepeAHas CTelleHh He CTaHeT PaBHA V.

e Kaxum moxeT OBITHL k > 0, AAST KOTOPOTO a mod m = v?
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AMCKpeTHEIN Aorapudm TMpumepst

[ Iprumepsl

e Hausnoe pemtenue: 6yaeM BorurcaaTs a® mod m, a' mod m,
a’? mod m, ..., TOKa OYepeAHas CTelleHh He CTaHeT PaBHA V.

e Kaxum moxeT OBITHL k > 0, AAST KOTOPOTO a mod m = v?
o [lpumep: m =13, a =2.
k |01234567891011121314
akmodm|1 2 4 8 3 6 1211 9 510 %2 1 2 4

@ MakcuMaAbHBIM OTBET Ha | MeHbllle, YeM IIOPIAOK dAEMEHTa.
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AMCKpeTHEIN Aorapudm TMpumepst

[ Iprumepsl

e Hausnoe pemtenue: 6yaeM BorurcaaTs a® mod m, a' mod m,
a’? mod m, ..., TOKa OYepeAHas CTelleHh He CTaHeT PaBHA V.

Kaxum mMoxReT OBITH k > 0, AAST KOTOPOTO a mod m = v?

[Mpumep: m =13, a = 2.
k 01 23 4 5 6 7 8 9 101112 13 14
amodm|1 2 4 8 3 6 1211 9 5 10 7 1 2 4

MakcuMaAbHbIM OTBET Ha 1 MeHblile, YeM IIOPSAOK BAEMEHTA.

[MTpumep: m = 13, a = 3 (MHOTAQ OTBET He CYIIECTBYET).
k 01 23 4 5 6 7 8 9 10111213 14
amodm|1 3 9 1 3 9 1 3 9 1 3 9 1 3 9

@ Pemnm 3apady B IPOCTOM CAydae: m mpocroe, 0 < a,v < m.
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AMCKpeTHEIN Aorapudm TMpumepst

[ Iprumepsl

e Hausnoe pemtenue: 6yaeM BorurcaaTs a® mod m, a' mod m,
a’? mod m, ..., TOKa OYepeAHas CTelleHh He CTaHeT PaBHA V.

e Kaxum moxeT OBITHL k > 0, AAST KOTOPOTO a mod m = v?

o [lpumep: m =13, a =2.
k 01 23 4 5 6 7 8 9 101112 13 14
amodm|1 2 4 8 3 6 1211 9 5 10 7 1 2 4

@ MakcuMaAbHBIM OTBET Ha | MeHbllle, YeM IIOPIAOK dAEMEHTa.

o [Tpumep: m = 13, @ = 3 (MHOrpa OTBET HE CyLeCTBYeT).
k 01 23 4 5 6 7 8 9 10111213 14
amodm|1 3 9 1 3 9 1 3 9 1 3 9 1 3 9

@ Pemnm 3apady B IPOCTOM CAydae: m mpocroe, 0 < a,v < m.

@ [lpumep: m = 12, a = 2 (He B3aMMHO IIPOCTEIE).
k |o1 23 456 7 8 9 1011 1213 14
a*modm|1 2 4 8 4 8 4 8 4 8 4 8 4 8 4
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AMCKpeTHEIN Aorapudm Kak ycTpoens! cremenn

Kak ycTpoeHBI cTerneHu

@ ITycte m npoctoe m 0 < @, v < m.

e Torpa ¢(m) =m — 1.

0 1 2

@ Ecau a — nepBooOpas3HbIi KOpeHb, TO YUCAA 4, @, d°, ...,

a?m~-1 o MOAYAIC m NPUHUMAIOT BCe 3HaueHUs oT 1 po m — 1
B KAKOM-TO IIOPSIAKE.

o A panbuie a?(M = g% = 1, g?M+1 = gl @e(mM+2 = g2 o
MOAYAIO 1.
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AMCKpeTHEIN Aorapudm Kak ycTpoens! cremenn

Kak ycTpoeHBI cTerneHu

@ ITycte m npoctoe m 0 < @, v < m.

e Torpa ¢(m) =m — 1.

e Ecau a — nepBoobpa3HbIii KopeHb, To uncaa a’, al, a2, ...,
a?m~-1 o MOAYAIC m NPUHUMAIOT BCe 3HaueHUs oT 1 po m — 1
B KaKOM-TO ITOPSIAKE.

o A panbuie a?(M = g% = 1, g?M+1 = gl @e(mM+2 = g2 o
MOAYAIO M.

@ Aa)ke ecAu @ — He I1epBOOOpa3HbIM KOPEHb, BCE PaBHO
a?(m = g0 = 1.

e Urak, AAs ATOOOTO @ # 0 AOCTATOYHO TIPOBEPHUTDH AAS ¢(m)
CTEIleHeN k IIOAPsA, IOAYYAEeTCS AU a® mod m =v.

ktp(m)

@ Ecau a®* mod m = v, 10 a mod m = v.
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AMCKPEeTHEIN Aorapugm Baby-step giant-step

Baby-step giant-step

k

e Kak cpeau @ HalTu 4uncao v GeIcTpee, ueM 3a p(m)?

e Ilycth z = [ gp(m)w
e Paccmorpum a®,a',a?,...,a*" ! (baby-step).

e Paccmorpum d, a%,a% ..., a"~ V% (giant-step).
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AMCKPEeTHEIN Aorapugm Baby-step giant-step

Baby-step giant-step

k

Kak cpeau @ HaiiTu unucnao v ObicTpee, yeM 3a (m)?

[TycTts z = [ gp(m)—‘

Paccmorpum a’,al,a?,...,a*"! (baby-step).

Paccmorpum d°, a”,a% ..., a"="7 (giant-step).

Aro6oe k u3 0 < k < z%2 MoxHO IIPEACTABUTE B BUAE X - Z + ¥,
raAe 0 < x,y < z.

Hanpumep, ipy z = 10 m kK = 37 noaAydyaeM X =3 u y = 7.
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AMCKPEeTHEIN Aorapugm Baby-step giant-step

Baby-step giant-step

e Kak cpeau a* maiitu uncao v GeicTpee, ueM 3a ¢(m)?
e Ilycth z = [ gp(m)w

e Paccmorpum a®,a',a?,...,a*" ! (baby-step).

e Paccmorpum d, a%,a% ..., a"~ V% (giant-step).

e Aro6oe k u3 0 < k < z%2 MoxxHO IIPEACTABUTE B BUAE X - Z + ¥,

raAe 0 < x,y < z.

Hanpumep, ipy z = 10 m kK = 37 noaAydyaeM X =3 u y = 7.
IMonrosxkum uucaa d°, a', @?, ..., @ ! B set.
ByaeM uckath uucaa v/a’,v/a%,v/a¥, ..., v/a® V7 p set.

[Touck BeinoaHsiercs: 3a O(log z), obmee Bpems O(zlog z).

Ho kaxk y3HaTe caMy CTeIleHb?
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AMCKPEeTHEIN Aorapugm Baby-step giant-step

Baby-step giant-step

Kak cpean a¥

[TycTts z = [ gp(m)—‘

Paccmorpum a’,al,a?,...,a*"! (baby-step).

HaWTU YUCAO V OBICTpee, YeM 3a p(m)?

Paccmorpum d°, a”,a% ..., a"="7 (giant-step).

Aro6oe k u3 0 < k < z%2 MoxHO IIPEACTABUTE B BUAE X - Z + ¥,
raAe 0 < x,y < z.

Hanpumep, ipy z = 10 m kK = 37 noaAydyaeM X =3 u y = 7.
IMoaosxkum cootsercteust ¢ — 0, al = 1, a®> = 2, ...,

a* ! - z—1 B map.

ByaeM uckatb uucaa v/a’,v/a*, v/a?,...,v/a? =V p map.

[Touck BeITTOAHsIeTCs 3a O(log z), obiiee Bpemst O(zlog 7).

EcAu Mbl HatmiAu v/a*? — y, To a*?7Y = v, 3HaUUT, TOAOUAST
k=xz+y.
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AMCKPEeTHEIN Aorapugm Baby-step giant-step

Baby-step giant-step

k

Kak cpeau @ HaiiTu unucnao v ObicTpee, yeM 3a (m)?

[TycTts z = [ gp(m)—‘

Paccmorpum a’,al,a?,...,a*"! (baby-step).

Paccmorpum d°, a”,a% ..., a"="7 (giant-step).
Aro6oe k u3 0 < k < z%2 MoxHO IIPEACTABUTE B BUAE X - Z + ¥,
raAe 0 < x,y < z.

Hanpumep, ipy z = 10 m kK = 37 noaAydyaeM X =3 u y = 7.

[Toaosxum cootBetcTBus a® — 0, al > 1, a2 = 2, ...,
a* ! - z—1 B map.

ByaeM uckatb uucaa v -a’,v-a%,v-a¥,...,v-a® 1 g map.

[Touck BeITTOAHsIeTCs 3a O(log z), obiiee Bpemst O(zlog 7).
Ecam mbl Hatliam v - @™ — y, To @@ = v, 3HAUAT, TTOAOUALT
k =y —xz (mod ¢(m)).
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\ICKPETHEI AoTapudm

2
o
>

1 #include <cmath>

2 #include <iostream>

3  #include <map>

4 using namespace std;

5 int discrete_log (int a, int v, int m) {
6 int phi m = m - 1;

7 int lim = int (sqrt (phi_m)) + 1;

8 map <int, int> power;

9 int a_lim = 1;

10 for (int i = 0; i < lim; i++) {

11 power[a_lim] = 1i;

12 a_lim = (a_lim * 1ILL * a) % m;
13 }

14 for (int i = 0; i < lim; i++) {

15 if (power.count (v))

16 return (power[v] - i * 1lim + phi m) % phi_m;
17 v = (v * 1LL * a_lim) % m;

18 }

19 return -1;

20 }

21 int main () {

22 int a, v, m;

23 while (cin >> a >> v >> m)

24 cout << discrete_log (a, v, m) << endl;
25 return 0;

26 }

Vean Kasmenko et al 1IKH CTII6ry) AnpreGpa u TeOpHsi IUCEA
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Pemero OpaTtocdena

CopepxaHue

e PenreTo OpaTtoctena
@ Aaroput™m
@ Kop
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.
AnropuT™M

3a,A,a11a: HaVAUTE BCe IIPOCTHBIE YUCAQ OT 1 po n.
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Pemero OpaTocdena AAroputm

AnropuT™M

3a,A,aqa: HaVAUTE BCe IIPOCTHBIE YUCAQ OT 1 po n.

o 1 2 3 4 5 o6 #+ 8 9
10 11 12 13 14 15 16 17 18 19
20 21 22 23 24 25 26 27 28 29
30 31 32 33 34 35 36 37 38 39
40 41 42 43 44 45 46 47 48 49
50 51 52 53 54 55 56 57 58 59
60 61 62 63 064 65 066 67 068 069
70 #1 72 73 74 5 Fo FF T8 79
80 81 82 83 84 85 86 87 88 89
90 91 92 93 94 95 9 97 98 99
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Pemero OpaTocdena AAroputm

AnropuT™M

3a,A,aqa: HaVAUTE BCe IIPOCTHBIE YUCAQ OT 1 po n.

o 1 2 3 4 5 o6 #+ 8 9
10 11 12 13 14 15 16 17 18 19
20 21 22 23 24 25 26 27 28 29
30 31 32 33 34 35 36 37 38 39
40 41 42 43 44 45 46 47 48 49
50 51 52 53 54 55 56 57 58 59
60 61 62 63 064 65 066 67 068 069
70 #1 72 73 74 5 Fo FF T8 79
80 81 82 83 84 85 86 87 88 89
90 91 92 93 94 95 9 97 98 99

[Mponyctnm yucaa 0 u 1.
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Pemero OpaTocdena AAroputm

AnropuT™M

3a,A,aqa: HaVAUTE BCe IIPOCTHBIE YUCAQ OT 1 po n.

o 1 2 3 5 7 9
11 13 15 17 19
21 23 25 27 29
31 33 35 37 39
41 43 45 47 49
51 53 55 57 59
61 63 65 67 69
71 73 75 77 79
81 83 85 87 89
91 93 95 97 99

BrruepkueM BCE, YTO AGAUTCS Ha 2.
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Pemero OpaTocdena AAroputm

AnropuT™M

3a,A,a11a: HaVAUTE BCe IIPOCTHBIE YUCAQ OT 1 po n.

0 1
11

31
41

61
71

91

2

3
13
23

43
53

73
83

5

25
35

55
65

85
95

7
17

37
47

67
77

97

BrruepkaeM BcE, YTO AGAUTCS Ha 3.
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Pemero OpaTocdena AAroputm

AnropuT™M

3a,A,a11a: HaVAUTE BCe IIPOCTHBIE YUCAQ OT 1 po n.

0 1
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ITponmycTM 4nUCAO 4.
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Pemero OpaTocdena AAroputm

AnropuT™M

3a,A,a11a: HaVAUTE BCe IIPOCTHBIE YUCAQ OT 1 po n.

0 1
11

31
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71
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7
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BeryepkHEM BCE, 4TO AEAWUTCS Ha O.
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Pemero OpaTocdena AAroputm

AnropuT™M

3a,A,a11a: HaVAUTE BCe IIPOCTHBIE YUCAQ OT 1 po n.

0 1
11

31
41

61
71

91

[MTponycTum 4wuCAO 6.

2

3
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Pemero OpaTocdena AAroputm

AnropuT™M

3a,A,a11a: HaVAUTE BCe IIPOCTHBIE YUCAQ OT 1 po n.

o 1 2 3 5 7
11 13 17 19
23 29
31 37
41 43 47
53 59
61 67
71 73 79
83 89
97

BrryepkHEM BCE, 4TO AEAUTCS Ha 7.
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Pemero OpaTocdena AAroputm

AnropuT™M

3a,A,a11a: HaVAUTE BCe IIPOCTHBIE YUCAQ OT 1 po n.

0 1
11

31
41

61
71

2

3
13
23

43
53

73
83

5

[Mponyctnm yuchaa 8 u 9.
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AnropuT™M

3a,A,a11a: HaVAUTE BCe IIPOCTHBIE YUCAQ OT 1 po n.

0 1
11

31
41

61
71

Yucaa 10 1 Aaree MOKHO HE PacCMaTpUBATD.

MBan Kasmenko et al. (MKH CII6I'Y)
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AAroputm
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Pemero OpaTocdena Koa

1 #include <iostream> Beoa:
2 #include <vector> 30

3 using namespace std;

4 BriBoa;
5 int main () { 2

6 int n; 3

7 cin >> n; 5

8 vector <int> s (n); 7

9 for (int i = 2; i * i < n; i++) 11
10 if (!s[il) 13
11 for (int § = i * i; § < n; § += i) 17
12 s[j1 = 1; 19
13 for (int i = 2; i < n; i++) 23
14 if (!s[il]) 29
15 cout << i << endl;

16 return 0;

17 }
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Pemero OpaTocdena Koa

Kop,

W ~J O d W

PR RRRPRPR PR
SO WN R oW

#include <iostream>
#include <vector>
using namespace std;

int main () {
int n;
cin >> n;
vector <int> d (n);
for (int i = 2; i * 1 < n; i++)

if (!'d[il)
for (int j =i * i; j < n; j += 1)
if (!'di3in
arjr = i;
for (int i = 2; i < n; i++)
cout << i << ": " << d[i] << endl;
return 0;

HKO et al. (MKH CIIGI'Y)

Aarefpa u TEOPHS YHCEA

wWNhoNON
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TeHBIE PEKYPPEHTHOCTH

CopepxaHue

e AVHelHbIE PEKYPPEHTHOCTH
@ Yncaa OuboHayan
@ ITpumep
@ [IpuMep ¢ MHOTOUAEHOM
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AVHeHHBEIE PEKYPPEHTHOCTH

Yucaa OuboHauan

YUucra OuboHaUYM

Uncara Oubonauun: Fp =0, Fy =1, F, =
ITepBble HECKOABKO UHCEA:
0,1,1,2,3,5,8,13,21,34,55,89, 144,233 ...
3apauva: Hatiaure F, mod m, rae n 1 m a0 10°.

n—1+ Fp_o ipy n > 2.

MBan Kasmenko et al. (MKH CII6I'Y)
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AVHeHHBEIE PEKYPPEHTHOCTH

Yucaa OuboHauan

YUucra OuboHaUYM

Ywucaa Oubonauun: Fo =0, Fy =1, F,=F, 1+ F,_ o npun > 2.
ITepBble HECKOABKO UHCEA:

0.1,1,2,3,5,8,13,21,34, 55,89, 144,233 . .|
3apauva: Hatiaure F, mod m, rae n 1 m a0 10°.

Fn: n—1+Fn—2
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AVHeHHBEIE PEKYPPEHTHOCTH

Yucaa OuboHauan

YUucra OuboHaUYM

Ywucaa Oubonauun: Fo =0, Fy =1, F,=F, 1+ F,_ o npun > 2.
ITepBble HECKOABKO UHCEA:

0.1,1,2,3,5,8,13,21,34, 55,89, 144,233 . .|
3apauva: Hatiaure F, mod m, rae n 1 m a0 10°.

Fn = n—l"‘Fn—Z
Fn1=Fn
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AVHeHHBEIE PEKYPPEHTHOCTH

Yucaa OuboHauan

YUucra OuboHaUYM

Ywucaa Oubonauun: Fo =0, Fy =1, F,=F, 1+ F,_ o npun > 2.
ITepBble HECKOABKO UHCEA:

0.1,1,2,3,5,8,13,21,34, 55,89, 144,233 . .|
3apauva: Hatiaure F, mod m, rae n 1 m a0 10°.

( Fn ): < Fn—1+Fn—2 )
anl anl
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AVHeHHBEIE PEKYPPEHTHOCTH

Yucaa OuboHauan

YUucra OuboHaUYM

Uncara Oubonauun: Fp =0, Fy =1, F, =
ITepBble HECKOABKO UHCEA:
0,1,1,2,3,5,8,13,21,34,55,89, 144,233 ...
3apauva: Hatiaure F, mod m, rae n 1 m a0 10°.

(2= 8)(F)

n—1+ Fp_o ipy n > 2.

MBan Kasmenko et al. (MKH CII6I'Y)

AnpreGpa u TeOpHsi IUCEA 22.10.2025 29/32



AVHeHHBEIE PEKYPPEHTHOCTH

Yucaa OuboHauan

YUucra OuboHaUYM

Uncara Oubonauun: Fp =0, Fy =1, F, =
ITepBble HECKOABKO UHCEA:
0,1,1,2,3,5,8,13,21,34,55,89, 144,233 ...
3apauva: Hatiaure F, mod m, rae n 1 m a0 10°.

(rr)=(io) (o) (52

n—1+ Fp_o ipy n > 2.
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AVHeHHBEIE PEKYPPEHTHOCTH

Yucaa OuboHauan

YUucra OuboHaUYM

Uncara Oubonauun: Fp =0, Fy =1, F, =
ITepBble HECKOABKO UHCEA:
0,1,1,2,3,5,8,13,21,34,55,89, 144,233 ...
3apauva: Hatiaure F, mod m, rae n 1 m a0 10°.

(in)=(16) (7)

n—1+ Fp_o ipy n > 2.
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AVHeHHBEIE PEKYPPEHTHOCTH

Tlpumep

[ Ipumep

PaccMoTpuM Takyio TTocaepoBaTeABHOCTE: Gy =0, Gy =1, Gp = 3,
G, =5G,_1 — Gp_3 ipu n > 3.

3apaua:; HatiauTe G, mod m, TAe n 1 m A0 10°.

>HKO et al.

(MKH CII6I'Y) AnpreGpa u TeOpHsi IUCEA

22.10.2025 30/32



AVHeHHBEIE PEKYPPEHTHOCTH

Tlpumep
[ Ipumep
PaccMoTpuM Takyio TTocaepoBaTeABHOCTE: Gy =0, Gy =1, Gp = 3,

G, =5G,_1 — Gp_3 ipu n > 3.
3apaua:; HatiauTe G, mod m, TAe n 1 m A0 10°.

Gnp =5Gp—1 — Gp-3
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AVHeHHBEIE PEKYPPEHTHOCTH

Tlpumep
[ Ipumep
PaccMoTpuM Takyio TTocaepoBaTeABHOCTE: Gy =0, Gy =1, Gp = 3,

G, =5G,_1 — Gp_3 ipu n > 3.
3apaua:; HatiauTe G, mod m, TAe n 1 m A0 10°.

Gn =5Gp-1 — Gp-3
Gn—1 = Gp—1
GH—Z = GH—Z
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AVHeHHBEIE PEKYPPEHTHOCTH

Tlpumep

[ Ipumep

PaccMoTpuM Takyio TTocaepoBaTeABHOCTE: Gy =0, Gy =1, Gp = 3,

G, =5G,_1 — Gp_3 ipu n > 3.
3apaua:; HatiauTe G, mod m, TAe n 1 m A0 10°.

Gn 50 —1 Gn1
Gn-1 1 0 0 Gn2
G o 01 0 Gn_3
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AVHeHHBEIE PEKYPPEHTHOCTH

Tlpumep

[ Ipumep

PaccMoTpuM Takyio TTocaepoBaTeABHOCTE: Gy =0, Gy =1, Gp = 3,

G, =5G,_1 — Gp_3 ipu n > 3.
3apaua:; HatiauTe G, mod m, TAe n 1 m A0 10°.

G 50 —1\"%/ G
Goi =10 o Gy
G2 01 0 Go
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AVHeHHBEIE PEKYPPEHTHOCTH

Tlpumep ¢ MHOTOUYAEHOM

[Iprumep ¢ MHOrOYAEHOM

PaccMoTpuM TaKylo TTOCAeAOBaTeAbHOCTh: Hy = 4, Hy = —3,
H,=3H, 1 —4H,_2+n*>+ 1 opun > 2.
3apaua:; HatiauTe H, mod m, tae n 1 m a0 10°.
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AVHeHHBEIE PEKYPPEHTHOCTH

Tlpumep ¢ MHOTOUYAEHOM
[Iprumep ¢ MHOrOYAEHOM
PaccMoTpuM TaKylo TTOCAeAOBaTeAbHOCTh: Hy = 4, Hy = —3,

H,=3H, 1 —4H, 2+ n*>+ 1 opun > 2.
3apaua:; HatiauTe H, mod m, tae n 1 m a0 10°.

H, =3H;,_{ — 4H,_o +n% + 1
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AVHeHHBEIE PEKYPPEHTHOCTH

Tlpumep ¢ MHOTOUYAEHOM

[Iprumep ¢ MHOrOYAEHOM

PaccMoTpuM TaKylo TTOCAeAOBaTeAbHOCTh: Hy = 4, Hy = —3,
H,=3H, 1 —4H, 2+ n*>+ 1 opun > 2.
3apaua:; HatiauTe H, mod m, tae n 1 m a0 10°.

H, =3H, 1—4H, 2+n%*+1
Hp 1 = Hp
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AVHeHHBEIE PEKYPPEHTHOCTH

Tlpumep ¢ MHOTOUYAEHOM

[Iprumep ¢ MHOrOYAEHOM

PaccMoTpuM TaKylo TTOCAeAOBaTeAbHOCTh: Hy = 4, Hy = —3,
H,=3H, 1 —4H, 2+ n*>+ 1 opun > 2.
3apaua:; HatiauTe H, mod m, tae n 1 m a0 10°.

H, =3H, {—4H, o+ n%>+1
Hp 1 = Hp—1
1 =1
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AVHeHHBEIE PEKYPPEHTHOCTH Tlpumep ¢ MHOTOUYAEHOM

[Iprumep ¢ MHOrOYAEHOM

PaccMoTpuM TaKylo TTOCAeAOBaTeAbHOCTh: Hy = 4, Hy = —3,
H,=3H, 1 —4H, 2+ n*>+ 1 opun > 2.
3apaua:; HatiauTe H, mod m, tae n 1 m a0 10°.

H, =3H, 1—4H; > +n2 +1
Hp 1 = Hp—1

n? =(m-1)>2+2(n-1)+1
n =(n-1)+1

1 =1
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AVHeHHBEIE PEKYPPEHTHOCTH Tlpumep ¢ MHOTOUYAEHOM

[Iprumep ¢ MHOrOYAEHOM

PaccMoTpuM TaKylo TTOCAeAOBaTeAbHOCTh: Hy = 4, Hy = —3,
H,=3H, 1 —4H, 2+ n*>+ 1 opun > 2.
3apaua:; HatiauTe H, mod m, tae n 1 m a0 10°.

H, 3 41 2 2 Hpy

Hy 1 0 000 Hy o
n? =0 0 1 21 (n—1)2
n 0 0 0 1 1 n—1
1 0 0 001 1
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AVHeHHBEIE PEKYPPEHTHOCTH Tlpumep ¢ MHOTOUYAEHOM

[Iprumep ¢ MHOrOYAEHOM

PaccMoTpuM TaKylo TTOCAeAOBaTeAbHOCTh: Hy = 4, Hy = —3,
H,=3H, 1 —4H, 2+ n*>+ 1 opun > 2.
3apaua:; HatiauTe H, mod m, tae n 1 m a0 10°.

n—1

H,, 3 41 2 2 H,;
Hpy_q 1 0 000 Hy
n? =10 0 1 2 1 12
n 0 0 0 1 1

1 0 0 0 0 1

MBan Kasmenko et al. (MKH CII6I'Y) Aarefpa u TEOPHS YHCEA 22.10.2025 31/32
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Bomipocsr?

Bormipocsr?
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