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Àëãîðèòì Åâêëèäà Íàèáîëüøèé îáùèé äåëèòåëü

Íàèáîëüøèé îáùèé äåëèòåëü

Çàäà÷à:

Äàíû öåëûå ÷èñëà a è b.

Íàéäèòå èõ íàèáîëüøèé îáùèé äåëèòåëü.

Ïðèìåð: gcd(4, 6) = 2
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Çàäà÷à:

Äàíû öåëûå ÷èñëà a è b.

Íàéäèòå èõ íàèáîëüøèé îáùèé äåëèòåëü.

Ïðèìåð: gcd(4, 6) = 2

gcd(a, b) = gcd(a− b, b)
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Çàäà÷à:

Äàíû öåëûå ÷èñëà a è b.

Íàéäèòå èõ íàèáîëüøèé îáùèé äåëèòåëü.

Ïðèìåð: gcd(4, 6) = 2

gcd(a, b) = gcd(a− b, b)

gcd(a, b) = gcd(a mod b, b)
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Çàäà÷à:

Äàíû öåëûå ÷èñëà a è b.

Íàéäèòå èõ íàèáîëüøèé îáùèé äåëèòåëü.

Ïðèìåð: gcd(4, 6) = 2

gcd(a, b) = gcd(a− b, b)

gcd(a, b) = gcd(a mod b, b)

gcd(a, 0) = a
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Àëãîðèòì Åâêëèäà Íàèìåíüøåå îáùåå êðàòíîå

Íàèìåíüøåå îáùåå êðàòíîå

Çàäà÷à:

Äàíû öåëûå ÷èñëà a è b.

Íàéäèòå èõ íàèìåíüøåå îáùåå êðàòíîå.

Ïðèìåð: lcm(4, 6) = 12
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Íàèìåíüøåå îáùåå êðàòíîå

Çàäà÷à:

Äàíû öåëûå ÷èñëà a è b.

Íàéäèòå èõ íàèìåíüøåå îáùåå êðàòíîå.

Ïðèìåð: lcm(4, 6) = 12

gcd(a, b) · lcm(a, b) = a · b
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Çàäà÷à:

Äàíû öåëûå ÷èñëà a è b.

Íàéäèòå èõ íàèìåíüøåå îáùåå êðàòíîå.

Ïðèìåð: lcm(4, 6) = 12

gcd(a, b) · lcm(a, b) = a · b
Äîêàçàòåëüñòâî:

Ðàññìîòðèì ñòåïåíü êàæäîãî ïðîñòîãî ÷èñëà.

a
... pα

b
... pβ

gcd(a, b)
... pmin(α,β)

lcm(a, b)
... pmax(α,β)

α+ β = min(α, β) + max(α, β)
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Àëãîðèòì Åâêëèäà Êîä

Êîä

1 #include <iostream>

2

3 using namespace std;

4

5 int gcd (int a, int b) {

6 if (a == 0) return b;

7 return gcd (b % a, a);

8 }

9

10 int main () {

11 int a, b;

12 cin >> a >> b;

13 cout << gcd (a, b) << endl;

14 return 0;

15 }

Ââîä:

500000

200000

Âûâîä:

100000
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Àëãîðèòì Åâêëèäà Êîä

Êîä

1 #include <iostream>

2

3 using namespace std;

4

5 int gcd (int a, int b) {

6 if (a == 0) return b;

7 return gcd (b % a, a);

8 }

9

10 int lcm (int a, int b) {

11 return a / gcd (a, b) * b;

12 }

13

14 int main () {

15 int a, b;

16 cin >> a >> b;

17 cout << lcm (a, b) << endl;

18 return 0;

19 }

Ââîä:

500000

200000

Âûâîä:

1000000
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Àëãîðèòì Åâêëèäà Êîä

Êîä

1 #include <cassert>

2 #include <iostream>

3 using namespace std;

4

5 int gcdExt (int a, int b, int & x, int & y) {

6 if (a == 0) {x = 0; y = 1; return b;}

7 auto res = gcdExt (b % a, a, y, x);

8 x -= (b / a) * y;

9 assert (x * a + y * b == res);

10

11 return res;

12 }

13

14 int main () {

15 int a, b, x, y;

16 cin >> a >> b;

17 cout << gcdExt (a, b, x, y) << endl;

18 return 0;

19 }

Ââîä:

12 5

Âûâîä:

1
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Àëãîðèòì Åâêëèäà Êîä

Êîä

1 #include <iostream>

2

3 using namespace std;

4

5 int gcdExt (int a, int b, int & x, int & y) {

6 if (a == 0) {x = 0; y = 1; return b;}

7 auto res = gcdExt (b % a, a, y, x);

8 x -= (b / a) * y;

9 cout << x << " * " << a << " + " <<

10 y << " * " << b << " = " << res << endl;

11 return res;

12 }

13

14 int main () {

15 int a, b, x, y;

16 cin >> a >> b;

17 cout << gcdExt (a, b, x, y) << endl;

18 return 0;

19 }

Ââîä:

12 5

Âûâîä:

1 * 1 + 0 * 2 = 1

-2 * 2 + 1 * 5 = 1

5 * 5 + -2 * 12 = 1

-2 * 12 + 5 * 5 = 1

1
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Àëãîðèòì Åâêëèäà Ëèíåéíîå ïðåäñòàâëåíèå ÍÎÄ

Ëèíåéíîå ïðåäñòàâëåíèå ÍÎÄ

Çàäà÷à:

Äàíû öåëûå ÷èñëà a è b. Ïóñòü d = gcd(a, b).
Íàéäèòå òàêèå öåëûå ÷èñëà x è y, ÷òî xa+ yb = d.

Ïðèìåð: a = 12, b = 5: (−2) · 12+ 5 · 5 = 1
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Çàäà÷à:

Äàíû öåëûå ÷èñëà a è b. Ïóñòü d = gcd(a, b).
Íàéäèòå òàêèå öåëûå ÷èñëà x è y, ÷òî xa+ yb = d.

Ïðèìåð: a = 12, b = 5: (−2) · 12+ 5 · 5 = 1

y′ · (b mod a) + x′ · a = d
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Çàäà÷à:

Äàíû öåëûå ÷èñëà a è b. Ïóñòü d = gcd(a, b).
Íàéäèòå òàêèå öåëûå ÷èñëà x è y, ÷òî xa+ yb = d.

Ïðèìåð: a = 12, b = 5: (−2) · 12+ 5 · 5 = 1

y′ · (b mod a) + x′ · a = d

y · b+ x · a = d
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Çàäà÷à:

Äàíû öåëûå ÷èñëà a è b. Ïóñòü d = gcd(a, b).
Íàéäèòå òàêèå öåëûå ÷èñëà x è y, ÷òî xa+ yb = d.

Ïðèìåð: a = 12, b = 5: (−2) · 12+ 5 · 5 = 1

y′ · (b mod a) + x′ · a = d

y · b+ x · a = d

y · (b mod a+ b div a · a) + x · a = d
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Ëèíåéíîå ïðåäñòàâëåíèå ÍÎÄ

Çàäà÷à:

Äàíû öåëûå ÷èñëà a è b. Ïóñòü d = gcd(a, b).
Íàéäèòå òàêèå öåëûå ÷èñëà x è y, ÷òî xa+ yb = d.

Ïðèìåð: a = 12, b = 5: (−2) · 12+ 5 · 5 = 1

y′ · (b mod a) + x′ · a = d

y · b+ x · a = d

y · (b mod a+ b div a · a) + x · a = d

y · (b mod a) + (x+ b div a · y) · a = d
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Ëèíåéíîå ïðåäñòàâëåíèå ÍÎÄ

Çàäà÷à:

Äàíû öåëûå ÷èñëà a è b. Ïóñòü d = gcd(a, b).
Íàéäèòå òàêèå öåëûå ÷èñëà x è y, ÷òî xa+ yb = d.

Ïðèìåð: a = 12, b = 5: (−2) · 12+ 5 · 5 = 1

y′ · (b mod a) + x′ · a = d

y · b+ x · a = d

y · (b mod a+ b div a · a) + x · a = d

y · (b mod a) + (x+ b div a · y) · a = d

y = y′, x = x′ − b div a · y
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Âû÷èñëåíèÿ ïî ìîäóëþ
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Âû÷èñëåíèÿ ïî ìîäóëþ Ðàáîòà ñ îñòàòêàìè ïî ìîäóëþ

Ðàáîòà ñ îñòàòêàìè ïî ìîäóëþ

Ïîñòàíîâêà çàäà÷è: íóæíî ïðîèçâîäèòü àðèôìåòè÷åñêèå

äåéñòâèÿ íàä öåëûìè ÷èñëàìè ïî ìîäóëþ m.
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Ïîñòàíîâêà çàäà÷è: íóæíî ïðîèçâîäèòü àðèôìåòè÷åñêèå

äåéñòâèÿ íàä öåëûìè ÷èñëàìè ïî ìîäóëþ m.

Ëåììà 1: (a± b) mod m = ((a mod m)± (b mod m)) mod m.
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Ïîñòàíîâêà çàäà÷è: íóæíî ïðîèçâîäèòü àðèôìåòè÷åñêèå

äåéñòâèÿ íàä öåëûìè ÷èñëàìè ïî ìîäóëþ m.

Ëåììà 1: (a± b) mod m = ((a mod m)± (b mod m)) mod m.

Ëåììà 2: (a · b) mod m = ((a mod m) · (b mod m)) mod m.
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Ðàáîòà ñ îñòàòêàìè ïî ìîäóëþ

Ïîñòàíîâêà çàäà÷è: íóæíî ïðîèçâîäèòü àðèôìåòè÷åñêèå

äåéñòâèÿ íàä öåëûìè ÷èñëàìè ïî ìîäóëþ m.

Ëåììà 1: (a± b) mod m = ((a mod m)± (b mod m)) mod m.

Ëåììà 2: (a · b) mod m = ((a mod m) · (b mod m)) mod m.

Äëÿ äåëåíèÿ òàêîå ðàâåíñòâî íåâåðíî.
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Python: (−37) mod 10 = 3

Äðóãèå ÿçûêè: (−37) mod 10 = −7
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¾Ìåäëåííîå¿ óìíîæåíèå

Ïîñòàíîâêà çàäà÷è: âû÷èñëåíèå (a · b) mod m.
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Ïîñòàíîâêà çàäà÷è: âû÷èñëåíèå (a · b) mod m.
Åñëè ÷èñëà ïîðÿäêà m2 ïîìåùàþòñÿ â òèï äàííûõ, ìîæíî

ïðîñòî ïðèìåíèòü Ëåììó 2:

(a · b) mod m = ((a mod m) · (b mod m)) mod m.
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Ïîñòàíîâêà çàäà÷è: âû÷èñëåíèå (a · b) mod m.
Åñëè æå ÷èñëî m2 ñëèøêîì âåëèêî, ìîæíî ïðîèçâåñòè

óìíîæåíèå ¾â ñòîëáèê¿ â äâîè÷íîé çàïèñè:

Âû÷èñëèì a mod m, 2a mod m, 4a mod m, 8a mod m, . . ..

Ðàññìîòðèì äâîè÷íóþ çàïèñü b è ïðîñóììèðóåì íóæíûå

ñëàãàåìûå ñ ïðåäûäóùåãî øàãà, ïîñëå êàæäîãî ñëîæåíèÿ

âû÷èñëÿÿ îñòàòîê ïî ìîäóëþ m.

Ïðèìåð: a = 13, b = 10, m = 21.

b = 1010 = 10102 = 2+ 8

(1 · a) mod m = 13

(2 · a) mod m = (13+ 13) mod 21 = 26 mod 21 = 5

(4 · a) mod m = (5+ 5) mod 21 = 10

(8 · a) mod m = (10+ 10) mod 21 = 20

Îòâåò: (((2 · a) mod m) + ((8 · a) mod m)) mod m =
(5+ 20) mod m = 25 mod 21 = 4.
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(5+ 20) mod m = 25 mod 21 = 4.

Ïðîâåðêà:

(13 · 10) mod 21 = 130 mod 21 = (126+ 4) mod 21 = 4.

Çàìåòèì, ÷òî ïðè âû÷èñëåíèÿõ ìîãóò ïîëó÷èòüñÿ òîëüêî

÷èñëà îò 0 äî 2 ·m− 2.
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Âðåìÿ ðàáîòû: log2 b ñëîæåíèé ïî ìîäóëþ äëÿ âû÷èñëåíèÿ

(2k · a) mod m è íå áîëåå log2 b ñëîæåíèé ïî ìîäóëþ äëÿ

ñóììèðîâàíèÿ íóæíûõ ñëàãàåìûõ.
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Âû÷èñëåíèÿ ïî ìîäóëþ ¾Áûñòðîå¿ âîçâåäåíèå â ñòåïåíü

¾Áûñòðîå¿ âîçâåäåíèå â ñòåïåíü

Ïîñòàíîâêà çàäà÷è: âû÷èñëåíèå ab mod m.
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¾Áûñòðîå¿ âîçâåäåíèå â ñòåïåíü

Ïîñòàíîâêà çàäà÷è: âû÷èñëåíèå ab mod m.
Áóäåì äåéñòâîâàòü àíàëîãè÷íî: óìíîæåíèå ìîæíî ïðåäñòàâèòü

êàê ïîñëåäîâàòåëüíîñòü ñëîæåíèé, à âîçâåäåíèå â ñòåïåíü�

êàê ïîñëåäîâàòåëüíîñòü óìíîæåíèé.

Âû÷èñëèì a mod m, a2 mod m, a4 mod m, a8 mod m, . . ..

Ðàññìîòðèì äâîè÷íóþ çàïèñü b è âû÷èñëèì ïðîèçâåäåíèå

íóæíûõ ìíîæèòåëåé ñ ïðåäûäóùåãî øàãà, ïîñëå êàæäîãî

óìíîæåíèÿ âû÷èñëÿÿ îñòàòîê ïî ìîäóëþ m.
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óìíîæåíèÿ âû÷èñëÿÿ îñòàòîê ïî ìîäóëþ m.

Ïðèìåð: a = 13, b = 5, m = 21.

b = 510 = 1012 = 1+ 4

a1 mod m = 13

a2 mod m = (13 · 13) mod 21 = 169 mod 21 = 1

a4 mod m = (1 · 1) mod 21 = 1

Îòâåò: ((a1 mod m) · (a4 mod m)) mod m = (13 · 1) mod m = 13.
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êàê ïîñëåäîâàòåëüíîñòü óìíîæåíèé.

Ïðèìåð: a = 13, b = 5, m = 21.

b = 510 = 1012 = 1+ 4

a1 mod m = 13

a2 mod m = (13 · 13) mod 21 = 169 mod 21 = 1

a4 mod m = (1 · 1) mod 21 = 1

Îòâåò: ((a1 mod m) · (a4 mod m)) mod m = (13 · 1) mod m = 13.

Ïðîâåðêà: (135) mod 21 = 371 293 mod 21 = 13.

Çàìåòèì, ÷òî ïðè âû÷èñëåíèÿõ ìîãóò ïîëó÷èòüñÿ òîëüêî

÷èñëà îò 0 äî (m− 1)2.

Åñëè óìíîæåíèÿ ïî ìîäóëþ ðåàëèçîâàòü ïðè ïîìîùè

¾ìåäëåííîãî¿ óìíîæåíèÿ, ïðè âû÷èñëåíèÿõ ìîãóò âíîâü

ïîëó÷èòüñÿ òîëüêî ÷èñëà îò 0 äî 2 ·m− 2.
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êàê ïîñëåäîâàòåëüíîñòü ñëîæåíèé, à âîçâåäåíèå â ñòåïåíü�

êàê ïîñëåäîâàòåëüíîñòü óìíîæåíèé.

Âû÷èñëèì a mod m, a2 mod m, a4 mod m, a8 mod m, . . ..

Ðàññìîòðèì äâîè÷íóþ çàïèñü b è âû÷èñëèì ïðîèçâåäåíèå

íóæíûõ ìíîæèòåëåé ñ ïðåäûäóùåãî øàãà, ïîñëå êàæäîãî

óìíîæåíèÿ âû÷èñëÿÿ îñòàòîê ïî ìîäóëþ m.

Âðåìÿ ðàáîòû: log2 b óìíîæåíèé ïî ìîäóëþ äëÿ

âû÷èñëåíèÿ a2
k

mod m è íå áîëåå log2 b óìíîæåíèé ïî

ìîäóëþ äëÿ ïåðåìíîæåíèÿ íóæíûõ ñîìíîæèòåëåé.
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Âû÷èñëåíèÿ ïî ìîäóëþ Êîä

Êîä

1 #include <iostream>

2 using namespace std;

3

4 int mulMod (int a, int b, int m) {

5 int res = 0;

6 for ( ; b > 0; b >>= 1) {

7 if (b & 1)

8 res = (res + a) % m;

9 a = (a + a) % m;

10 }

11 return res;

12 }

13

14 int main () {

15 int a, b, m;

16 cin >> a >> b >> m;

17 cout << mulMod (a, b, m) << endl;

18 return 0;

19 }

Ââîä:

13 10 21

Âûâîä:

4
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Âû÷èñëåíèÿ ïî ìîäóëþ Êîä

Êîä

1 #include <iostream>

2 using namespace std;

3

4 int powMod (int a, int b, int m) {

5 int res = 1 % m;

6 for ( ; b > 0; b >>= 1) {

7 if (b & 1)

8 res = (res * 1LL * a) % m;

9 a = (a * 1LL * a) % m;

10 }

11 return res;

12 }

13

14 int main () {

15 int a, b, m;

16 cin >> a >> b >> m;

17 cout << powMod (a, b, m) << endl;

18 return 0;

19 }

Ââîä:

13 5 21

Âûâîä:

13
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Àëãîðèòìû çà sqrt n

Ñîäåðæàíèå

1 Àëãîðèòì Åâêëèäà

Íàèáîëüøèé îáùèé äåëèòåëü

Íàèìåíüøåå îáùåå êðàòíîå

Êîä

Ëèíåéíîå ïðåäñòàâëåíèå ÍÎÄ

2 Âû÷èñëåíèÿ ïî ìîäóëþ

Ðàáîòà ñ îñòàòêàìè ïî ìîäóëþ

¾Ìåäëåííîå¿ óìíîæåíèå

¾Áûñòðîå¿ âîçâåäåíèå â ñòåïåíü

Êîä

3 Àëãîðèòìû çà sqrt n

Çàäà÷è

Êîä

4 Îáðàòíûé ýëåìåíò ïî ìîäóëþ

Ïðîñòîé ìîäóëü

Ëþáîé ìîäóëü

5 Äèñêðåòíûé ëîãàðèôì

Çàäà÷à

Ïðèìåðû

Êàê óñòðîåíû ñòåïåíè

Baby-step giant-step

Êîä

6 Ðåøåòî Ýðàòîñôåíà

Àëãîðèòì

Êîä

7 Ëèíåéíûå ðåêóððåíòíîñòè

×èñëà Ôèáîíà÷÷è

Ïðèìåð

Ïðèìåð ñ ìíîãî÷ëåíîì
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Àëãîðèòìû çà sqrt n Çàäà÷è

Çàäà÷è

Äàíî ÷èñëî n.

Çàäà÷à 1: âåðíî ëè, ÷òî n ïðîñòîå?

Ïðèìåðû: n = 89 ïðîñòîå, n = 87 ñîñòàâíîå.

Çàäà÷à 2: íàéäèòå ðàçëîæåíèÿ ÷èñëà n íà ïðîñòûå

ìíîæèòåëè.

Çàäà÷à 3: íàéäèòå ôóíêöèþ Ýéëåðà φ(n): êîëè÷åñòâî ÷èñåë

îò 0 äî n− 1, âçàèìíî ïðîñòûõ ñ n.

Êàê íàéòè çíà÷åíèå ôóíêöèè Ýéëåðà?
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Àëãîðèòìû çà sqrt n Çàäà÷è

Çàäà÷è

Äàíî ÷èñëî n.

Çàäà÷à 1: âåðíî ëè, ÷òî n ïðîñòîå?

Ïðèìåðû: n = 89 ïðîñòîå, n = 87 ñîñòàâíîå.

Çàäà÷à 2: íàéäèòå ðàçëîæåíèÿ ÷èñëà n íà ïðîñòûå

ìíîæèòåëè.

Çàäà÷à 3: íàéäèòå ôóíêöèþ Ýéëåðà φ(n): êîëè÷åñòâî ÷èñåë

îò 0 äî n− 1, âçàèìíî ïðîñòûõ ñ n.

Êàê íàéòè çíà÷åíèå ôóíêöèè Ýéëåðà?

n = pα11 · pα22 · · · pαk

k

φ(n) = n · p1−1
p1

· p2−1
p2

· · · pk−1
pk
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Àëãîðèòìû çà sqrt n Êîä

Êîä

1 #include <iostream>

2 using namespace std;

3

4 bool prime (int n) {

5 if (n < 2) return false;

6 for (int d = 2; d * d <= n; d++) {

7 if (n % d == 0) {

8 return false;

9 }

10 }

11 return true;

12 }

13

14 int main () {

15 int k;

16 while (cin >> k) {

17 cout << prime (k) << endl;

18 }

19 return 0;

20 }

Ââîä:

89

87

Âûâîä:

1

0
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Àëãîðèòìû çà sqrt n Êîä

Êîä

1 #include <iostream>

2 #include <utility>

3 #include <vector>

4 using namespace std;

5 vector <pair <int, int> > divisors (int n) {

6 vector <pair <int, int> > res;

7 for (int d = 2; d * d <= n; d++) {

8 if (n % d == 0) {

9 res.push_back ({d, 0});

10 while (n % d == 0) {

11 n /= d;

12 res.back ().second += 1;

13 }

14 }

15 }

16 if (n > 1) res.push_back ({n, 1});

17 return res;

18 }

19 int main () {

20 int k;

21 while (cin >> k) {

22 auto d = divisors (k);

23 cout << k << ":" << endl;

24 for (auto p : d) cout << p.first << "^" << p.second << endl;

25 }

26 return 0;

27 }

Ââîä:

12

58

81

1

7000

Âûâîä:

12:

2^2

3^1

58:

2^1

29^1

81:

3^4

1:

7000:

2^3

5^3

7^1
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Àëãîðèòìû çà sqrt n Êîä

Êîä

1 #include <iostream>

2 using namespace std;

3

4 int phi (int n) {

5 int res = n;

6 for (int d = 2; d * d <= n; d++) {

7 if (n % d == 0) {

8 res = res / d * (d - 1);

9 while (n % d == 0)

10 n /= d;

11 }

12 }

13 if (n > 1) res = res / n * (n - 1);

14 return res;

15 }

16

17 int main () {

18 int k;

19 while (cin >> k) {

20 cout << phi (k) << endl;

21 }

22 return 0;

23 }

Ââîä:

7

10

12

9

1

Âûâîä:

6

4

4

6

1
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Îáðàòíûé ýëåìåíò ïî ìîäóëþ

Ñîäåðæàíèå

1 Àëãîðèòì Åâêëèäà

Íàèáîëüøèé îáùèé äåëèòåëü

Íàèìåíüøåå îáùåå êðàòíîå

Êîä

Ëèíåéíîå ïðåäñòàâëåíèå ÍÎÄ

2 Âû÷èñëåíèÿ ïî ìîäóëþ

Ðàáîòà ñ îñòàòêàìè ïî ìîäóëþ

¾Ìåäëåííîå¿ óìíîæåíèå

¾Áûñòðîå¿ âîçâåäåíèå â ñòåïåíü

Êîä

3 Àëãîðèòìû çà sqrt n

Çàäà÷è

Êîä

4 Îáðàòíûé ýëåìåíò ïî ìîäóëþ

Ïðîñòîé ìîäóëü

Ëþáîé ìîäóëü

5 Äèñêðåòíûé ëîãàðèôì

Çàäà÷à

Ïðèìåðû

Êàê óñòðîåíû ñòåïåíè

Baby-step giant-step

Êîä

6 Ðåøåòî Ýðàòîñôåíà

Àëãîðèòì

Êîä

7 Ëèíåéíûå ðåêóððåíòíîñòè

×èñëà Ôèáîíà÷÷è

Ïðèìåð

Ïðèìåð ñ ìíîãî÷ëåíîì
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Îáðàòíûé ýëåìåíò ïî ìîäóëþ Ïðîñòîé ìîäóëü

Ïðîñòîé ìîäóëü

Äàíû ÷èñëà a è p ∈ P (0 ⩽ a < p).

Íàéäèòå òàêîå b, ÷òî (a · b) mod p = 1.

Äðóãàÿ çàïèñü: a · b ≡ 1 (mod p).
Îáîçíà÷åíèå: b = a−1.
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Äàíû ÷èñëà a è p ∈ P (0 ⩽ a < p).

Íàéäèòå òàêîå b, ÷òî (a · b) mod p = 1.

Äðóãàÿ çàïèñü: a · b ≡ 1 (mod p).
Îáîçíà÷åíèå: b = a−1.

Ìàëàÿ òåîðåìà Ôåðìà: ap−1 ≡ 1 (mod p).
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Ïðîñòîé ìîäóëü

Äàíû ÷èñëà a è p ∈ P (0 ⩽ a < p).

Íàéäèòå òàêîå b, ÷òî (a · b) mod p = 1.

Äðóãàÿ çàïèñü: a · b ≡ 1 (mod p).
Îáîçíà÷åíèå: b = a−1.

Ìàëàÿ òåîðåìà Ôåðìà: ap−1 ≡ 1 (mod p).

À çíà÷èò (?), ap−2 ≡ a−1 (mod p).
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Îáðàòíûé ýëåìåíò ïî ìîäóëþ Ïðîñòîé ìîäóëü

Ïðîñòîé ìîäóëü

Äàíû ÷èñëà a è p ∈ P (0 ⩽ a < p).

Íàéäèòå òàêîå b, ÷òî (a · b) mod p = 1.

Äðóãàÿ çàïèñü: a · b ≡ 1 (mod p).
Îáîçíà÷åíèå: b = a−1.

Ìàëàÿ òåîðåìà Ôåðìà: ap−1 ≡ 1 (mod p).

À çíà÷èò (?), ap−2 ≡ a−1 (mod p).

Ïðèìåð: p = 7.
ab 0 1 2 3 4 5 6 7 8

0 ? 0 0 0 0 0 0 0 0

1 1 1 1 1 1 1 1 1 1

2 1 2 4 1 2 4 1 2 4

3 1 3 2 6 4 5 1 3 2

4 1 4 2 1 4 2 1 4 2

5 1 5 4 6 2 3 1 5 4

6 1 6 1 6 1 6 1 6 1

Èâàí Êàçìåíêî et al. (ÌÊÍ ÑÏáÃÓ) Àëãåáðà è òåîðèÿ ÷èñåë 22.10.2025 17 / 32



Îáðàòíûé ýëåìåíò ïî ìîäóëþ Ëþáîé ìîäóëü

Ëþáîé ìîäóëü

Äàíû ÷èñëà a è n (0 ⩽ a < n). Íàéäèòå b = a−1.
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Îáðàòíûé ýëåìåíò ïî ìîäóëþ Ëþáîé ìîäóëü

Ëþáîé ìîäóëü

Äàíû ÷èñëà a è n (0 ⩽ a < n). Íàéäèòå b = a−1.

Òåîðåìà Ýéëåðà: gcd(a,n) = 1 ⇒ aφ(n) ≡ 1 (mod n).

Èâàí Êàçìåíêî et al. (ÌÊÍ ÑÏáÃÓ) Àëãåáðà è òåîðèÿ ÷èñåë 22.10.2025 18 / 32



Îáðàòíûé ýëåìåíò ïî ìîäóëþ Ëþáîé ìîäóëü

Ëþáîé ìîäóëü

Äàíû ÷èñëà a è n (0 ⩽ a < n). Íàéäèòå b = a−1.

Òåîðåìà Ýéëåðà: gcd(a,n) = 1 ⇒ aφ(n) ≡ 1 (mod n).

À çíà÷èò (?), aφ(n)−1 ≡ a−1 (mod n), êîãäà îòâåò ñóùåñòâóåò.
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Äàíû ÷èñëà a è n (0 ⩽ a < n). Íàéäèòå b = a−1.

Òåîðåìà Ýéëåðà: gcd(a,n) = 1 ⇒ aφ(n) ≡ 1 (mod n).

À çíà÷èò (?), aφ(n)−1 ≡ a−1 (mod n), êîãäà îòâåò ñóùåñòâóåò.

Ïðèìåð: n = 10.
ab 0 1 2 3 4 5 6 7 8

0 ? 0 0 0 0 0 0 0 0

1 1 1 1 1 1 1 1 1 1

2 1 2 4 8 6 2 4 8 6

3 1 3 9 7 1 3 9 7 1

4 1 4 6 4 6 4 6 4 6

5 1 5 5 5 5 5 5 5 5

6 1 6 6 6 6 6 6 6 6

7 1 7 9 3 1 7 9 3 1

8 1 4 2 6 8 4 2 6 8

9 1 9 1 9 1 9 1 9 1
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Äèñêðåòíûé ëîãàðèôì

Ñîäåðæàíèå

1 Àëãîðèòì Åâêëèäà

Íàèáîëüøèé îáùèé äåëèòåëü

Íàèìåíüøåå îáùåå êðàòíîå

Êîä

Ëèíåéíîå ïðåäñòàâëåíèå ÍÎÄ

2 Âû÷èñëåíèÿ ïî ìîäóëþ

Ðàáîòà ñ îñòàòêàìè ïî ìîäóëþ

¾Ìåäëåííîå¿ óìíîæåíèå

¾Áûñòðîå¿ âîçâåäåíèå â ñòåïåíü

Êîä

3 Àëãîðèòìû çà sqrt n

Çàäà÷è

Êîä

4 Îáðàòíûé ýëåìåíò ïî ìîäóëþ

Ïðîñòîé ìîäóëü

Ëþáîé ìîäóëü

5 Äèñêðåòíûé ëîãàðèôì

Çàäà÷à

Ïðèìåðû

Êàê óñòðîåíû ñòåïåíè

Baby-step giant-step

Êîä

6 Ðåøåòî Ýðàòîñôåíà

Àëãîðèòì

Êîä

7 Ëèíåéíûå ðåêóððåíòíîñòè

×èñëà Ôèáîíà÷÷è

Ïðèìåð

Ïðèìåð ñ ìíîãî÷ëåíîì
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Äèñêðåòíûé ëîãàðèôì Çàäà÷à

Çàäà÷à

Äàíû îñíîâàíèå a, ÷èñëî v è ìîäóëü m.

Ðàññìîòðèì ÷èñëà a0 mod m, a1 mod m, a2 mod m, . . .

Íàéä¼ì ïåðâîå èç íèõ, êîòîðîå ðàâíî v: ak mod m = v.

Ïîêàçàòåëü ñòåïåíè k� ýòî è åñòü äèñêðåòíûé ëîãàðèôì.
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Äèñêðåòíûé ëîãàðèôì Çàäà÷à

Çàäà÷à

Äàíû îñíîâàíèå a, ÷èñëî v è ìîäóëü m.

Ðàññìîòðèì ÷èñëà a0 mod m, a1 mod m, a2 mod m, . . .

Íàéä¼ì ïåðâîå èç íèõ, êîòîðîå ðàâíî v: ak mod m = v.

Ïîêàçàòåëü ñòåïåíè k� ýòî è åñòü äèñêðåòíûé ëîãàðèôì.

Îáû÷íî äîñòàòî÷íî íàéòè íå ìèíèìàëüíîå k, à ëþáîå.
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Äèñêðåòíûé ëîãàðèôì Ïðèìåðû

Ïðèìåðû

Íàèâíîå ðåøåíèå: áóäåì âû÷èñëÿòü a0 mod m, a1 mod m,
a2 mod m, . . ., ïîêà î÷åðåäíàÿ ñòåïåíü íå ñòàíåò ðàâíà v.

Êàêèì ìîæåò áûòü k ⩾ 0, äëÿ êîòîðîãî ak mod m = v?

Èâàí Êàçìåíêî et al. (ÌÊÍ ÑÏáÃÓ) Àëãåáðà è òåîðèÿ ÷èñåë 22.10.2025 21 / 32



Äèñêðåòíûé ëîãàðèôì Ïðèìåðû

Ïðèìåðû

Íàèâíîå ðåøåíèå: áóäåì âû÷èñëÿòü a0 mod m, a1 mod m,
a2 mod m, . . ., ïîêà î÷åðåäíàÿ ñòåïåíü íå ñòàíåò ðàâíà v.

Êàêèì ìîæåò áûòü k ⩾ 0, äëÿ êîòîðîãî ak mod m = v?

Ïðèìåð: m = 13, a = 2.
k 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14

ak mod m 1 2 4 8 3 6 12 11 9 5 10 7 1 2 4

Ìàêñèìàëüíûé îòâåò íà 1 ìåíüøå, ÷åì ïîðÿäîê ýëåìåíòà.
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Äèñêðåòíûé ëîãàðèôì Ïðèìåðû

Ïðèìåðû

Íàèâíîå ðåøåíèå: áóäåì âû÷èñëÿòü a0 mod m, a1 mod m,
a2 mod m, . . ., ïîêà î÷åðåäíàÿ ñòåïåíü íå ñòàíåò ðàâíà v.

Êàêèì ìîæåò áûòü k ⩾ 0, äëÿ êîòîðîãî ak mod m = v?

Ïðèìåð: m = 13, a = 2.
k 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14

ak mod m 1 2 4 8 3 6 12 11 9 5 10 7 1 2 4

Ìàêñèìàëüíûé îòâåò íà 1 ìåíüøå, ÷åì ïîðÿäîê ýëåìåíòà.

Ïðèìåð: m = 13, a = 3 (èíîãäà îòâåò íå ñóùåñòâóåò).

k 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14

ak mod m 1 3 9 1 3 9 1 3 9 1 3 9 1 3 9

Ðåøèì çàäà÷ó â ïðîñòîì ñëó÷àå: m ïðîñòîå, 0 < a, v < m.
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Äèñêðåòíûé ëîãàðèôì Ïðèìåðû

Ïðèìåðû

Íàèâíîå ðåøåíèå: áóäåì âû÷èñëÿòü a0 mod m, a1 mod m,
a2 mod m, . . ., ïîêà î÷åðåäíàÿ ñòåïåíü íå ñòàíåò ðàâíà v.

Êàêèì ìîæåò áûòü k ⩾ 0, äëÿ êîòîðîãî ak mod m = v?

Ïðèìåð: m = 13, a = 2.
k 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14

ak mod m 1 2 4 8 3 6 12 11 9 5 10 7 1 2 4

Ìàêñèìàëüíûé îòâåò íà 1 ìåíüøå, ÷åì ïîðÿäîê ýëåìåíòà.

Ïðèìåð: m = 13, a = 3 (èíîãäà îòâåò íå ñóùåñòâóåò).

k 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14

ak mod m 1 3 9 1 3 9 1 3 9 1 3 9 1 3 9

Ðåøèì çàäà÷ó â ïðîñòîì ñëó÷àå: m ïðîñòîå, 0 < a, v < m.

Ïðèìåð: m = 12, a = 2 (íå âçàèìíî ïðîñòûå).

k 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14

ak mod m 1 2 4 8 4 8 4 8 4 8 4 8 4 8 4
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Äèñêðåòíûé ëîãàðèôì Êàê óñòðîåíû ñòåïåíè

Êàê óñòðîåíû ñòåïåíè

Ïóñòü m ïðîñòîå è 0 < a, v < m.

Òîãäà φ(m) = m− 1.

Åñëè a�ïåðâîîáðàçíûé êîðåíü, òî ÷èñëà a0, a1, a2, . . .,
aφ(m)−1 ïî ìîäóëþ m ïðèíèìàþò âñå çíà÷åíèÿ îò 1 äî m− 1

â êàêîì-òî ïîðÿäêå.

À äàëüøå aφ(m) = a0 = 1, aφ(m)+1 = a1, aφ(m)+2 = a2, . . . ïî
ìîäóëþ m.
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Äèñêðåòíûé ëîãàðèôì Êàê óñòðîåíû ñòåïåíè

Êàê óñòðîåíû ñòåïåíè

Ïóñòü m ïðîñòîå è 0 < a, v < m.

Òîãäà φ(m) = m− 1.

Åñëè a�ïåðâîîáðàçíûé êîðåíü, òî ÷èñëà a0, a1, a2, . . .,
aφ(m)−1 ïî ìîäóëþ m ïðèíèìàþò âñå çíà÷åíèÿ îò 1 äî m− 1

â êàêîì-òî ïîðÿäêå.

À äàëüøå aφ(m) = a0 = 1, aφ(m)+1 = a1, aφ(m)+2 = a2, . . . ïî
ìîäóëþ m.

Äàæå åñëè a�íå ïåðâîîáðàçíûé êîðåíü, âñ¼ ðàâíî

aφ(m) = a0 = 1.

Èòàê, äëÿ ëþáîãî a ̸= 0 äîñòàòî÷íî ïðîâåðèòü äëÿ φ(m)
ñòåïåíåé k ïîäðÿä, ïîëó÷àåòñÿ ëè ak mod m = v.

Åñëè ak mod m = v, òî ak±φ(m) mod m = v.
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Äèñêðåòíûé ëîãàðèôì Baby-step giant-step

Baby-step giant-step

Êàê ñðåäè ak íàéòè ÷èñëî v áûñòðåå, ÷åì çà φ(m)?

Ïóñòü z =
⌈√

φ(m)
⌉
.

Ðàññìîòðèì a0, a1, a2, . . . , az−1 (baby-step).

Ðàññìîòðèì a0, az, a2z . . . , a(z−1)z (giant-step).
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Äèñêðåòíûé ëîãàðèôì Baby-step giant-step

Baby-step giant-step

Êàê ñðåäè ak íàéòè ÷èñëî v áûñòðåå, ÷åì çà φ(m)?

Ïóñòü z =
⌈√

φ(m)
⌉
.

Ðàññìîòðèì a0, a1, a2, . . . , az−1 (baby-step).

Ðàññìîòðèì a0, az, a2z . . . , a(z−1)z (giant-step).

Ëþáîå k èç 0 ⩽ k < z2 ìîæíî ïðåäñòàâèòü â âèäå x · z + y,

ãäå 0 ⩽ x, y < z.

Íàïðèìåð, ïðè z = 10 è k = 37 ïîëó÷àåì x = 3 è y = 7.
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Äèñêðåòíûé ëîãàðèôì Baby-step giant-step

Baby-step giant-step

Êàê ñðåäè ak íàéòè ÷èñëî v áûñòðåå, ÷åì çà φ(m)?

Ïóñòü z =
⌈√

φ(m)
⌉
.

Ðàññìîòðèì a0, a1, a2, . . . , az−1 (baby-step).

Ðàññìîòðèì a0, az, a2z . . . , a(z−1)z (giant-step).

Ëþáîå k èç 0 ⩽ k < z2 ìîæíî ïðåäñòàâèòü â âèäå x · z + y,

ãäå 0 ⩽ x, y < z.

Íàïðèìåð, ïðè z = 10 è k = 37 ïîëó÷àåì x = 3 è y = 7.

Ïîëîæèì ÷èñëà a0, a1, a2, . . ., az−1 â set.

Áóäåì èñêàòü ÷èñëà v/a0, v/az, v/a2z, . . . , v/a(z−1)z â set.

Ïîèñê âûïîëíÿåòñÿ çà O(log z), îáùåå âðåìÿ O(z log z).

Íî êàê óçíàòü ñàìó ñòåïåíü?
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Äèñêðåòíûé ëîãàðèôì Baby-step giant-step

Baby-step giant-step

Êàê ñðåäè ak íàéòè ÷èñëî v áûñòðåå, ÷åì çà φ(m)?

Ïóñòü z =
⌈√

φ(m)
⌉
.

Ðàññìîòðèì a0, a1, a2, . . . , az−1 (baby-step).

Ðàññìîòðèì a0, az, a2z . . . , a(z−1)z (giant-step).

Ëþáîå k èç 0 ⩽ k < z2 ìîæíî ïðåäñòàâèòü â âèäå x · z + y,

ãäå 0 ⩽ x, y < z.

Íàïðèìåð, ïðè z = 10 è k = 37 ïîëó÷àåì x = 3 è y = 7.

Ïîëîæèì ñîîòâåòñòâèÿ a0 → 0, a1 → 1, a2 → 2, . . .,
az−1 → z − 1 â map.

Áóäåì èñêàòü ÷èñëà v/a0, v/az, v/a2z, . . . , v/a(z−1)z â map.

Ïîèñê âûïîëíÿåòñÿ çà O(log z), îáùåå âðåìÿ O(z log z).

Åñëè ìû íàøëè v/axz → y, òî axz+y = v, çíà÷èò, ïîäîéä¼ò

k = xz + y.
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Äèñêðåòíûé ëîãàðèôì Baby-step giant-step

Baby-step giant-step

Êàê ñðåäè ak íàéòè ÷èñëî v áûñòðåå, ÷åì çà φ(m)?

Ïóñòü z =
⌈√

φ(m)
⌉
.

Ðàññìîòðèì a0, a1, a2, . . . , az−1 (baby-step).

Ðàññìîòðèì a0, az, a2z . . . , a(z−1)z (giant-step).

Ëþáîå k èç 0 ⩽ k < z2 ìîæíî ïðåäñòàâèòü â âèäå x · z + y,

ãäå 0 ⩽ x, y < z.

Íàïðèìåð, ïðè z = 10 è k = 37 ïîëó÷àåì x = 3 è y = 7.

Ïîëîæèì ñîîòâåòñòâèÿ a0 → 0, a1 → 1, a2 → 2, . . .,
az−1 → z − 1 â map.

Áóäåì èñêàòü ÷èñëà v · a0, v · az, v · a2z, . . . , v · a(z−1)z â map.
Ïîèñê âûïîëíÿåòñÿ çà O(log z), îáùåå âðåìÿ O(z log z).

Åñëè ìû íàøëè v · axz → y, òî ay−xz = v, çíà÷èò, ïîäîéä¼ò

k = y − xz (mod φ(m)).
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Äèñêðåòíûé ëîãàðèôì Êîä

Êîä

1 #include <cmath>

2 #include <iostream>

3 #include <map>

4 using namespace std;

5 int discrete_log (int a, int v, int m) {

6 int phi_m = m - 1;

7 int lim = int (sqrt (phi_m)) + 1;

8 map <int, int> power;

9 int a_lim = 1;

10 for (int i = 0; i < lim; i++) {

11 power[a_lim] = i;

12 a_lim = (a_lim * 1LL * a) % m;

13 }

14 for (int i = 0; i < lim; i++) {

15 if (power.count (v))

16 return (power[v] - i * lim + phi_m) % phi_m;

17 v = (v * 1LL * a_lim) % m;

18 }

19 return -1;

20 }

21 int main () {

22 int a, v, m;

23 while (cin >> a >> v >> m)

24 cout << discrete_log (a, v, m) << endl;

25 return 0;

26 }

Ââîä:

2 7 13

2 1 13

3 7 13

Âûâîä:

11

0

-1
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Ðåøåòî Ýðàòîñôåíà

Ñîäåðæàíèå

1 Àëãîðèòì Åâêëèäà

Íàèáîëüøèé îáùèé äåëèòåëü

Íàèìåíüøåå îáùåå êðàòíîå

Êîä

Ëèíåéíîå ïðåäñòàâëåíèå ÍÎÄ

2 Âû÷èñëåíèÿ ïî ìîäóëþ

Ðàáîòà ñ îñòàòêàìè ïî ìîäóëþ

¾Ìåäëåííîå¿ óìíîæåíèå

¾Áûñòðîå¿ âîçâåäåíèå â ñòåïåíü

Êîä

3 Àëãîðèòìû çà sqrt n

Çàäà÷è

Êîä

4 Îáðàòíûé ýëåìåíò ïî ìîäóëþ

Ïðîñòîé ìîäóëü

Ëþáîé ìîäóëü

5 Äèñêðåòíûé ëîãàðèôì

Çàäà÷à

Ïðèìåðû

Êàê óñòðîåíû ñòåïåíè

Baby-step giant-step

Êîä

6 Ðåøåòî Ýðàòîñôåíà

Àëãîðèòì

Êîä

7 Ëèíåéíûå ðåêóððåíòíîñòè

×èñëà Ôèáîíà÷÷è

Ïðèìåð

Ïðèìåð ñ ìíîãî÷ëåíîì
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Ðåøåòî Ýðàòîñôåíà Àëãîðèòì

Àëãîðèòì

Çàäà÷à: íàéäèòå âñå ïðîñòûå ÷èñëà îò 1 äî n.
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Ðåøåòî Ýðàòîñôåíà Àëãîðèòì

Àëãîðèòì

Çàäà÷à: íàéäèòå âñå ïðîñòûå ÷èñëà îò 1 äî n.

0 1 2 3 4 5 6 7 8 9

10 11 12 13 14 15 16 17 18 19

20 21 22 23 24 25 26 27 28 29

30 31 32 33 34 35 36 37 38 39

40 41 42 43 44 45 46 47 48 49

50 51 52 53 54 55 56 57 58 59

60 61 62 63 64 65 66 67 68 69

70 71 72 73 74 75 76 77 78 79

80 81 82 83 84 85 86 87 88 89

90 91 92 93 94 95 96 97 98 99
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Ðåøåòî Ýðàòîñôåíà Àëãîðèòì

Àëãîðèòì

Çàäà÷à: íàéäèòå âñå ïðîñòûå ÷èñëà îò 1 äî n.

0 1 2 3 4 5 6 7 8 9

10 11 12 13 14 15 16 17 18 19

20 21 22 23 24 25 26 27 28 29

30 31 32 33 34 35 36 37 38 39

40 41 42 43 44 45 46 47 48 49

50 51 52 53 54 55 56 57 58 59

60 61 62 63 64 65 66 67 68 69

70 71 72 73 74 75 76 77 78 79

80 81 82 83 84 85 86 87 88 89

90 91 92 93 94 95 96 97 98 99

Ïðîïóñòèì ÷èñëà 0 è 1.
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Ðåøåòî Ýðàòîñôåíà Àëãîðèòì

Àëãîðèòì

Çàäà÷à: íàéäèòå âñå ïðîñòûå ÷èñëà îò 1 äî n.
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50 51 52 53 54 55 56 57 58 59
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Ïðîïóñòèì ÷èñëà 8 è 9.
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×èñëà 10 è äàëåå ìîæíî íå ðàññìàòðèâàòü.
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Ðåøåòî Ýðàòîñôåíà Êîä

Êîä

1 #include <iostream>

2 #include <vector>

3 using namespace std;

4

5 int main () {

6 int n;

7 cin >> n;

8 vector <int> s (n);

9 for (int i = 2; i * i < n; i++)

10 if (!s[i])

11 for (int j = i * i; j < n; j += i)

12 s[j] = 1;

13 for (int i = 2; i < n; i++)

14 if (!s[i])

15 cout << i << endl;

16 return 0;

17 }

Ââîä:

30

Âûâîä:

2

3

5

7

11

13

17

19

23

29
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Ðåøåòî Ýðàòîñôåíà Êîä

Êîä

1 #include <iostream>

2 #include <vector>

3 using namespace std;

4

5 int main () {

6 int n;

7 cin >> n;

8 vector <int> d (n);

9 for (int i = 2; i * i < n; i++)

10 if (!d[i])

11 for (int j = i * i; j < n; j += i)

12 if (!d[j])

13 d[j] = i;

14 for (int i = 2; i < n; i++)

15 cout << i << ": " << d[i] << endl;

16 return 0;

17 }

Ââîä:

16

Âûâîä:

2: 0

3: 0

4: 2

5: 0

6: 2

7: 0

8: 2

9: 3

10: 2

11: 0

12: 2

13: 0

14: 2

15: 3
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Ëèíåéíûå ðåêóððåíòíîñòè

Ñîäåðæàíèå

1 Àëãîðèòì Åâêëèäà

Íàèáîëüøèé îáùèé äåëèòåëü

Íàèìåíüøåå îáùåå êðàòíîå

Êîä

Ëèíåéíîå ïðåäñòàâëåíèå ÍÎÄ

2 Âû÷èñëåíèÿ ïî ìîäóëþ

Ðàáîòà ñ îñòàòêàìè ïî ìîäóëþ

¾Ìåäëåííîå¿ óìíîæåíèå

¾Áûñòðîå¿ âîçâåäåíèå â ñòåïåíü

Êîä

3 Àëãîðèòìû çà sqrt n

Çàäà÷è

Êîä

4 Îáðàòíûé ýëåìåíò ïî ìîäóëþ

Ïðîñòîé ìîäóëü

Ëþáîé ìîäóëü

5 Äèñêðåòíûé ëîãàðèôì

Çàäà÷à

Ïðèìåðû

Êàê óñòðîåíû ñòåïåíè

Baby-step giant-step

Êîä

6 Ðåøåòî Ýðàòîñôåíà

Àëãîðèòì

Êîä

7 Ëèíåéíûå ðåêóððåíòíîñòè

×èñëà Ôèáîíà÷÷è

Ïðèìåð

Ïðèìåð ñ ìíîãî÷ëåíîì
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Ëèíåéíûå ðåêóððåíòíîñòè ×èñëà Ôèáîíà÷÷è

×èñëà Ôèáîíà÷÷è

×èñëà Ôèáîíà÷÷è: F0 = 0, F1 = 1, Fn = Fn−1 + Fn−2 ïðè n ⩾ 2.

Ïåðâûå íåñêîëüêî ÷èñåë:

0, 1, 1, 2, 3, 5, 8, 13, 21, 34, 55, 89, 144, 233 . . .
Çàäà÷à: íàéäèòå Fn mod m, ãäå n è m äî 109.
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×èñëà Ôèáîíà÷÷è

×èñëà Ôèáîíà÷÷è: F0 = 0, F1 = 1, Fn = Fn−1 + Fn−2 ïðè n ⩾ 2.

Ïåðâûå íåñêîëüêî ÷èñåë:

0, 1, 1, 2, 3, 5, 8, 13, 21, 34, 55, 89, 144, 233 . . .
Çàäà÷à: íàéäèòå Fn mod m, ãäå n è m äî 109.

Fn = Fn−1 + Fn−2
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×èñëà Ôèáîíà÷÷è: F0 = 0, F1 = 1, Fn = Fn−1 + Fn−2 ïðè n ⩾ 2.

Ïåðâûå íåñêîëüêî ÷èñåë:

0, 1, 1, 2, 3, 5, 8, 13, 21, 34, 55, 89, 144, 233 . . .
Çàäà÷à: íàéäèòå Fn mod m, ãäå n è m äî 109.

{
Fn = Fn−1 + Fn−2

Fn−1 = Fn−1
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×èñëà Ôèáîíà÷÷è

×èñëà Ôèáîíà÷÷è: F0 = 0, F1 = 1, Fn = Fn−1 + Fn−2 ïðè n ⩾ 2.

Ïåðâûå íåñêîëüêî ÷èñåë:

0, 1, 1, 2, 3, 5, 8, 13, 21, 34, 55, 89, 144, 233 . . .
Çàäà÷à: íàéäèòå Fn mod m, ãäå n è m äî 109.

(
Fn
Fn−1

)
=

(
Fn−1 + Fn−2

Fn−1

)

Èâàí Êàçìåíêî et al. (ÌÊÍ ÑÏáÃÓ) Àëãåáðà è òåîðèÿ ÷èñåë 22.10.2025 29 / 32



Ëèíåéíûå ðåêóððåíòíîñòè ×èñëà Ôèáîíà÷÷è

×èñëà Ôèáîíà÷÷è

×èñëà Ôèáîíà÷÷è: F0 = 0, F1 = 1, Fn = Fn−1 + Fn−2 ïðè n ⩾ 2.

Ïåðâûå íåñêîëüêî ÷èñåë:

0, 1, 1, 2, 3, 5, 8, 13, 21, 34, 55, 89, 144, 233 . . .
Çàäà÷à: íàéäèòå Fn mod m, ãäå n è m äî 109.

(
Fn
Fn−1

)
=

(
1 1

1 0

)(
Fn−1
Fn−2

)
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×èñëà Ôèáîíà÷÷è

×èñëà Ôèáîíà÷÷è: F0 = 0, F1 = 1, Fn = Fn−1 + Fn−2 ïðè n ⩾ 2.

Ïåðâûå íåñêîëüêî ÷èñåë:

0, 1, 1, 2, 3, 5, 8, 13, 21, 34, 55, 89, 144, 233 . . .
Çàäà÷à: íàéäèòå Fn mod m, ãäå n è m äî 109.

(
Fn
Fn−1

)
=

(
1 1

1 0

)(
1 1

1 0

)(
Fn−2
Fn−3

)

Èâàí Êàçìåíêî et al. (ÌÊÍ ÑÏáÃÓ) Àëãåáðà è òåîðèÿ ÷èñåë 22.10.2025 29 / 32



Ëèíåéíûå ðåêóððåíòíîñòè ×èñëà Ôèáîíà÷÷è

×èñëà Ôèáîíà÷÷è

×èñëà Ôèáîíà÷÷è: F0 = 0, F1 = 1, Fn = Fn−1 + Fn−2 ïðè n ⩾ 2.

Ïåðâûå íåñêîëüêî ÷èñåë:

0, 1, 1, 2, 3, 5, 8, 13, 21, 34, 55, 89, 144, 233 . . .
Çàäà÷à: íàéäèòå Fn mod m, ãäå n è m äî 109.

(
Fn
Fn−1

)
=

(
1 1

1 0

)n−1(
F1
F0

)
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Ëèíåéíûå ðåêóððåíòíîñòè Ïðèìåð

Ïðèìåð

Ðàññìîòðèì òàêóþ ïîñëåäîâàòåëüíîñòü: G0 = 0, G1 = 1, G2 = 3,

Gn = 5Gn−1 −Gn−3 ïðè n ⩾ 3.

Çàäà÷à: íàéäèòå Gn mod m, ãäå n è m äî 109.
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Ëèíåéíûå ðåêóððåíòíîñòè Ïðèìåð

Ïðèìåð

Ðàññìîòðèì òàêóþ ïîñëåäîâàòåëüíîñòü: G0 = 0, G1 = 1, G2 = 3,

Gn = 5Gn−1 −Gn−3 ïðè n ⩾ 3.

Çàäà÷à: íàéäèòå Gn mod m, ãäå n è m äî 109.

Gn = 5Gn−1 −Gn−3
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Ëèíåéíûå ðåêóððåíòíîñòè Ïðèìåð

Ïðèìåð

Ðàññìîòðèì òàêóþ ïîñëåäîâàòåëüíîñòü: G0 = 0, G1 = 1, G2 = 3,

Gn = 5Gn−1 −Gn−3 ïðè n ⩾ 3.

Çàäà÷à: íàéäèòå Gn mod m, ãäå n è m äî 109.


Gn = 5Gn−1 −Gn−3

Gn−1 = Gn−1

Gn−2 = Gn−2
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Ëèíåéíûå ðåêóððåíòíîñòè Ïðèìåð

Ïðèìåð

Ðàññìîòðèì òàêóþ ïîñëåäîâàòåëüíîñòü: G0 = 0, G1 = 1, G2 = 3,

Gn = 5Gn−1 −Gn−3 ïðè n ⩾ 3.

Çàäà÷à: íàéäèòå Gn mod m, ãäå n è m äî 109.

 Gn

Gn−1
Gn−2

 =

 5 0 −1
1 0 0

0 1 0

 Gn−1
Gn−2
Gn−3


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Ëèíåéíûå ðåêóððåíòíîñòè Ïðèìåð

Ïðèìåð

Ðàññìîòðèì òàêóþ ïîñëåäîâàòåëüíîñòü: G0 = 0, G1 = 1, G2 = 3,

Gn = 5Gn−1 −Gn−3 ïðè n ⩾ 3.

Çàäà÷à: íàéäèòå Gn mod m, ãäå n è m äî 109.

 Gn

Gn−1
Gn−2

 =

 5 0 −1
1 0 0

0 1 0

n−2 G2

G1

G0


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Ëèíåéíûå ðåêóððåíòíîñòè Ïðèìåð ñ ìíîãî÷ëåíîì

Ïðèìåð ñ ìíîãî÷ëåíîì

Ðàññìîòðèì òàêóþ ïîñëåäîâàòåëüíîñòü: H0 = 4, H1 = −3,
Hn = 3Hn−1 − 4Hn−2 + n2 + 1 ïðè n ⩾ 2.

Çàäà÷à: íàéäèòå Hn mod m, ãäå n è m äî 109.
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Ïðèìåð ñ ìíîãî÷ëåíîì

Ðàññìîòðèì òàêóþ ïîñëåäîâàòåëüíîñòü: H0 = 4, H1 = −3,
Hn = 3Hn−1 − 4Hn−2 + n2 + 1 ïðè n ⩾ 2.

Çàäà÷à: íàéäèòå Hn mod m, ãäå n è m äî 109.

Hn = 3Hn−1 − 4Hn−2 + n2 + 1

Èâàí Êàçìåíêî et al. (ÌÊÍ ÑÏáÃÓ) Àëãåáðà è òåîðèÿ ÷èñåë 22.10.2025 31 / 32



Ëèíåéíûå ðåêóððåíòíîñòè Ïðèìåð ñ ìíîãî÷ëåíîì

Ïðèìåð ñ ìíîãî÷ëåíîì

Ðàññìîòðèì òàêóþ ïîñëåäîâàòåëüíîñòü: H0 = 4, H1 = −3,
Hn = 3Hn−1 − 4Hn−2 + n2 + 1 ïðè n ⩾ 2.

Çàäà÷à: íàéäèòå Hn mod m, ãäå n è m äî 109.

{
Hn = 3Hn−1 − 4Hn−2 + n2 + 1

Hn−1 = Hn−1
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Ïðèìåð ñ ìíîãî÷ëåíîì

Ðàññìîòðèì òàêóþ ïîñëåäîâàòåëüíîñòü: H0 = 4, H1 = −3,
Hn = 3Hn−1 − 4Hn−2 + n2 + 1 ïðè n ⩾ 2.
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
Hn = 3Hn−1 − 4Hn−2 + n2 + 1

Hn−1 = Hn−1

1 = 1
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3 −4 1 2 2

1 0 0 0 0

0 0 1 2 1

0 0 0 1 1

0 0 0 0 1
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

Hn−1
Hn−2

(n− 1)2

n− 1

1


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H1
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