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Îäíîìåðíûå çàäà÷è ×èñëà Ôèáîíà÷÷è
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Îäíîìåðíûå çàäà÷è ×èñëà Ôèáîíà÷÷è

×èñëà Ôèáîíà÷÷è

Îïðåäåëåíèå: F0 = 0, F1 = 1, Fn = Fn−1 + Fn−2 ïðè n ⩾ 2.

Çàäà÷à: äàíî n, âû÷èñëèòå Fn.
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Îäíîìåðíûå çàäà÷è ×èñëà Ôèáîíà÷÷è

×èñëà Ôèáîíà÷÷è

C++, ðåêóðñèÿ:
1 #include <iostream>

2 using namespace std;

3

4

5

6

7 int fib (int n) {

8 if (n < 2) return n;

9 return fib (n - 1) + fib (n - 2);

10 }

11

12

13

14 int main () {

15 int n;

16 while (cin >> n)

17 cout << fib (n) << endl;

18 return 0;

19 }

Ââîä:

5

30

40

45

Âûâîä:

5

832040

102334155

1134903170
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Îäíîìåðíûå çàäà÷è ×èñëà Ôèáîíà÷÷è

×èñëà Ôèáîíà÷÷è

C++, ðåêóðñèÿ:
1 #include <iostream>

2 using namespace std;

3

4

5

6

7 int fib (int n) {

8 if (n < 2) return n;

9 return fib (n - 1) + fib (n - 2);

10 }

11

12

13

14 int main () {

15 int n;

16 while (cin >> n)

17 cout << fib (n) << endl;

18 return 0;

19 }

Ïðèìåð n = 5:

5 → 4, 3

. 4 → 3, 2

. . 3 → 2, 1

. . . 2 → 1, 0

. . . . 1

. . . . 0

. . . 1

. . 2 → 1, 0

. . . 1

. . . 0

. 3 → 2, 1

. . 2 → 1, 0

. . . 1

. . . 0

. . 1
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Îäíîìåðíûå çàäà÷è ×èñëà Ôèáîíà÷÷è

×èñëà Ôèáîíà÷÷è

C++, ðåêóðñèÿ ñ çàïîìèíàíèåì (ìåìîèçàöèÿ):
1 #include <iostream>

2 using namespace std;

3

4 int f [99];

5

6 int fib (int n) {

7 if (f[n] == 0) {

8 if (n < 2) f[n] = n;

9 else f[n] = fib (n - 1) + fib (n - 2);

10 }

11 return f[n];

12 }

13

14 int main () {

15 int n;

16 while (cin >> n)

17 cout << fib (n) << endl;

18 return 0;

19 }

Ââîä:

5

30

40

45

Âûâîä:

5

832040

102334155

1134903170
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Îäíîìåðíûå çàäà÷è ×èñëà Ôèáîíà÷÷è

×èñëà Ôèáîíà÷÷è

C++, ðåêóðñèÿ ñ çàïîìèíàíèåì (ìåìîèçàöèÿ):
1 #include <iostream>

2 using namespace std;

3

4 int f [99];

5

6 int fib (int n) {

7 if (f[n] == 0) {

8 if (n < 2) f[n] = n;

9 else f[n] = fib (n - 1) + fib (n - 2);

10 }

11 return f[n];

12 }

13

14 int main () {

15 int n;

16 while (cin >> n)

17 cout << fib (n) << endl;

18 return 0;

19 }

Ïðèìåð n = 5:

5 → 4, 3

. 4 → 3, 2

. . 3 → 2, 1

. . . 2 → 1, 0

. . . . 1

. . . . 0

. . . 1

çàïîìíåíî

. . 2

çàïîìíåíî

. 3

çàïîìíåíî
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Îäíîìåðíûå çàäà÷è ×èñëà Ôèáîíà÷÷è

×èñëà Ôèáîíà÷÷è

C++, èòåðàòèâíîå ðåøåíèå:
1 #include <iostream>

2 using namespace std;

3

4 int main () {

5 int f [99];

6 f[0] = 0;

7 f[1] = 1;

8 for (int i = 2; i < 99 /*???*/; i++)

9 f[i] = f[i - 1] + f[i - 2];

10 int n;

11 while (cin >> n)

12 cout << f[n] << endl;

13 return 0;

14 }

Ââîä:

5

30

40

45

Âûâîä:

5

832040

102334155

1134903170
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Îäíîìåðíûå çàäà÷è ×èñëà Ôèáîíà÷÷è

×èñëà Ôèáîíà÷÷è

Python, ðåêóðñèÿ:
1 import sys

2

3

4 def fib (n):

5 if n < 2:

6 return n

7 return fib (n - 1) + fib (n - 2)

8

9 for line in sys.stdin:

10 n = int (line)

11 print (fib (n))

Ââîä:

5

30

40

45

Âûâîä:

5

832040

102334155

1134903170
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Îäíîìåðíûå çàäà÷è ×èñëà Ôèáîíà÷÷è

×èñëà Ôèáîíà÷÷è

Python, ðåêóðñèÿ ñ çàïîìèíàíèåì (ìåìîèçàöèÿ):
1 import functools, sys

2

3 @functools.lru_cache (maxsize = None)

4 def fib (n):

5 if n < 2:

6 return n

7 return fib (n - 1) + fib (n - 2)

8

9 for line in sys.stdin:

10 n = int (line)

11 print (fib (n))

Ââîä:

5

30

40

45

Âûâîä:

5

832040

102334155

1134903170
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Îäíîìåðíûå çàäà÷è ×èñëà Ôèáîíà÷÷è

×èñëà Ôèáîíà÷÷è

D, ðåêóðñèÿ:
1 import std;

2

3

4 int fib (int n) {

5 if (n < 2) return n;

6 return fib (n - 1) + fib (n - 2);

7 }

8

9 void main () {

10 foreach (line; stdin.byLine) {

11 auto n = line.to !(int);

12 writeln (fib (n));

13 }

14 }

Ââîä:

5

30

40

45

Âûâîä:

5

832040

102334155

1134903170
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Îäíîìåðíûå çàäà÷è ×èñëà Ôèáîíà÷÷è

×èñëà Ôèáîíà÷÷è

D, ðåêóðñèÿ ñ çàïîìèíàíèåì (ìåìîèçàöèÿ):
1 import std;

2

3 alias fib = memoize !(fibImpl);

4 int fibImpl (int n) {

5 if (n < 2) return n;

6 return fib (n - 1) + fib (n - 2);

7 }

8

9 void main () {

10 foreach (line; stdin.byLine) {

11 auto n = line.to !(int);

12 writeln (fib (n));

13 }

14 }

Ââîä:

5

30

40

45

Âûâîä:

5

832040

102334155

1134903170
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Îäíîìåðíûå çàäà÷è ×èñëà Ôèáîíà÷÷è

×èñëà Ôèáîíà÷÷è

Kotlin, ðåêóðñèÿ:
1 fun fib (n: Int): Int = when (n) {

2 0 -> 0

3 1 -> 1

4 else -> fib (n - 1) + fib (n - 2)

5 }

6

7 fun main () {

8 generateSequence (::readlnOrNull).forEach {

9 println (fib (it.toInt ()))

10 }

11 }

Ââîä:

5

30

40

45

Âûâîä:

5

832040

102334155

1134903170
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Îäíîìåðíûå çàäà÷è ×èñëà Ôèáîíà÷÷è

×èñëà Ôèáîíà÷÷è

Kotlin, ðåêóðñèÿ ñ çàïîìèíàíèåì (ìåìîèçàöèÿ):
1 fun fib (n: Int): Int = fibCache.getOrPut (n) {

2 fib (n - 1) + fib (n - 2)

3 }

4

5 val fibCache = mutableMapOf (0 to 0, 1 to 1)

6

7 fun main () {

8 generateSequence (::readlnOrNull).forEach {

9 println (fib (it.toInt ()))

10 }

11 }

Ââîä:

5

30

40

45

Âûâîä:

5

832040

102334155

1134903170
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Îäíîìåðíûå çàäà÷è Ëåñòíèöà

Ëåñòíèöà

Åñòü ëåñòíèöà èç n ñòóïåíåê.

Ìû íà÷èíàåì ó ïîäíîæèÿ ëåñòíèöû,

íà íóëåâîé ñòóïåíüêå.

Íà ñòóïåíüêàõ íàïèñàíû ÷èñëà

a1, a2, . . . , an.

Ìû äîëæíû îêàçàòüñÿ íà n-é

ñòóïåíüêå.

Çà îäèí øàã ìû ïîäíèìàåìñÿ ëèáî

íà îäíó, ëèáî íà äâå ñòóïåíüêè.

Íàøè áàëëû� ñóììà ÷èñåë, íà

êîòîðûå ìû øàãíóëè.

Êàê ïîäíÿòüñÿ ïî ëåñòíèöå, ÷òîáû

ìàêñèìèçèðîâàòü áàëëû?
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Îäíîìåðíûå çàäà÷è Ëåñòíèöà

Ëåñòíèöà

Åñòü ëåñòíèöà èç n ñòóïåíåê.

Ìû íà÷èíàåì ó ïîäíîæèÿ ëåñòíèöû,

íà íóëåâîé ñòóïåíüêå.

Íà ñòóïåíüêàõ íàïèñàíû ÷èñëà

a1, a2, . . . , an.

Ìû äîëæíû îêàçàòüñÿ íà n-é

ñòóïåíüêå.

Çà îäèí øàã ìû ïîäíèìàåìñÿ ëèáî

íà îäíó, ëèáî íà äâå ñòóïåíüêè.

Íàøè áàëëû� ñóììà ÷èñåë, íà

êîòîðûå ìû øàãíóëè.

Êàê ïîäíÿòüñÿ ïî ëåñòíèöå, ÷òîáû

ìàêñèìèçèðîâàòü áàëëû?

Ïðèìåð 1:

2

-3

-6

-4

5

6
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Îäíîìåðíûå çàäà÷è Ëåñòíèöà

Ëåñòíèöà

Åñòü ëåñòíèöà èç n ñòóïåíåê.

Ìû íà÷èíàåì ó ïîäíîæèÿ ëåñòíèöû,

íà íóëåâîé ñòóïåíüêå.

Íà ñòóïåíüêàõ íàïèñàíû ÷èñëà

a1, a2, . . . , an.

Ìû äîëæíû îêàçàòüñÿ íà n-é

ñòóïåíüêå.

Çà îäèí øàã ìû ïîäíèìàåìñÿ ëèáî

íà îäíó, ëèáî íà äâå ñòóïåíüêè.

Íàøè áàëëû� ñóììà ÷èñåë, íà

êîòîðûå ìû øàãíóëè.

Êàê ïîäíÿòüñÿ ïî ëåñòíèöå, ÷òîáû

ìàêñèìèçèðîâàòü áàëëû?

Ïðèìåð 1, ðåøåíèå:

2

-3

-6

-4

5

6

Îòâåò:

2+ (−6) + 5+ 6 = 7.
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Îäíîìåðíûå çàäà÷è Ëåñòíèöà

Ëåñòíèöà

Åñòü ëåñòíèöà èç n ñòóïåíåê.

Ìû íà÷èíàåì ó ïîäíîæèÿ ëåñòíèöû,

íà íóëåâîé ñòóïåíüêå.

Íà ñòóïåíüêàõ íàïèñàíû ÷èñëà

a1, a2, . . . , an.

Ìû äîëæíû îêàçàòüñÿ íà n-é

ñòóïåíüêå.

Çà îäèí øàã ìû ïîäíèìàåìñÿ ëèáî

íà îäíó, ëèáî íà äâå ñòóïåíüêè.

Íàøè áàëëû� ñóììà ÷èñåë, íà

êîòîðûå ìû øàãíóëè.

Êàê ïîäíÿòüñÿ ïî ëåñòíèöå, ÷òîáû

ìàêñèìèçèðîâàòü áàëëû?

Ïðèìåð 2:

2

-3

-8

-4

5

6
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Îäíîìåðíûå çàäà÷è Ëåñòíèöà

Ëåñòíèöà

Åñòü ëåñòíèöà èç n ñòóïåíåê.

Ìû íà÷èíàåì ó ïîäíîæèÿ ëåñòíèöû,

íà íóëåâîé ñòóïåíüêå.

Íà ñòóïåíüêàõ íàïèñàíû ÷èñëà

a1, a2, . . . , an.

Ìû äîëæíû îêàçàòüñÿ íà n-é

ñòóïåíüêå.

Çà îäèí øàã ìû ïîäíèìàåìñÿ ëèáî

íà îäíó, ëèáî íà äâå ñòóïåíüêè.

Íàøè áàëëû� ñóììà ÷èñåë, íà

êîòîðûå ìû øàãíóëè.

Êàê ïîäíÿòüñÿ ïî ëåñòíèöå, ÷òîáû

ìàêñèìèçèðîâàòü áàëëû?

Ïðèìåð 2, ðåøåíèå:

2

-3

-8

-4

5

6

Îòâåò:

2+ (−3) + (−4) + 5+ 6 = 6.
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Îäíîìåðíûå çàäà÷è Ëåñòíèöà

Ëåñòíèöà, ðåøåíèå

Äàâàéòå ðåøàòü áîëåå îáùóþ çàäà÷ó.

Äëÿ êàæäîãî k îò 0 äî n:

Êàê ïîäíÿòüñÿ íà k-þ ñòóïåíüêó,

÷òîáû ìàêñèìèçèðîâàòü áàëëû?
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Îäíîìåðíûå çàäà÷è Ëåñòíèöà

Ëåñòíèöà, ðåøåíèå

Äàâàéòå ðåøàòü áîëåå îáùóþ çàäà÷ó.
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Êàê ïîäíÿòüñÿ íà k-þ ñòóïåíüêó,

÷òîáû ìàêñèìèçèðîâàòü áàëëû?

Íàçîâ¼ì ýòî çíà÷åíèå f(k).

Áàçà: f(0) = 0.

Áàçà: f(1) = a1.

Ïðèìåð 1:

2

-3

-6

-4

5

6

0

2
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ñòóïåíüêè, ëèáî ñ k− 2-é ñòóïåíüêè.
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2

-3

-6

-4

5

6

0

2

-1

-4
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7

f(k) = ak +
max(f(k− 1), f(k− 2))
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Îäíîìåðíûå çàäà÷è Ëåñòíèöà

Ëåñòíèöà, êîä

Ðåêóðñèÿ:
1 #include <algorithm>

2 #include <iostream>

3 using namespace std;

4

5 int a [10001];

6

7

8 int f (int n) {

9 if (n == 0) return 0;

10 if (n == 1) return a[1];

11

12 return a[n] + max (f (n - 1), f (n - 2));

13 }

14

15

16 int main () {

17 int n; cin >> n;

18 for (int i = 1; i <= n; i++) cin >> a[i];

19

20 cout << f (n) << endl;

21 return 0;

22 }
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Îäíîìåðíûå çàäà÷è Ëåñòíèöà

Ëåñòíèöà, êîä

Ðåêóðñèÿ ñ çàïîìèíàíèåì (ìåìîèçàöèÿ):
1 #include <algorithm>

2 #include <iostream>

3 using namespace std;

4

5 int a [10001];

6 int mf [10001];

7

8 int f (int n) {

9 if (n == 0) return 0;

10 if (n == 1) return a[1];

11 if (mf[n] == INT_MAX)

12 mf[n] = a[n] + max (f (n - 1), f (n - 2));

13 return mf[n];

14 }

15

16 int main () {

17 int n; cin >> n;

18 for (int i = 1; i <= n; i++) cin >> a[i];

19 for (int i = 0; i <= n; i++) mf[i] = INT_MAX;

20 cout << f (n) << endl;

21 return 0;

22 }
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Îäíîìåðíûå çàäà÷è Ëåñòíèöà

Ëåñòíèöà, êîä

Èòåðàòèâíîå ðåøåíèå:
1 #include <algorithm>

2 #include <iostream>

3 using namespace std;

4

5 int a [10001];

6 int f [10001];

7

8 int main () {

9 int n; cin >> n;

10 for (int i = 1; i <= n; i++) cin >> a[i];

11 f[0] = 0;

12 f[1] = a[1];

13 for (int i = 2; i <= n; i++)

14 f[i] = a[i] + max (f[i - 1], f[i - 2]);

15 cout << f[n] << endl;

16 return 0;

17 }

Èâàí Êàçìåíêî et al. (ÌÊÍ ÑÏáÃÓ) Äèíàìè÷åñêîå ïðîãðàììèðîâàíèå 15.10.2025 8 / 51



Îäíîìåðíûå çàäà÷è Äèíàìèêà è èíäóêöèÿ

Ñîäåðæàíèå

1 Îäíîìåðíûå çàäà÷è

×èñëà Ôèáîíà÷÷è

Ëåñòíèöà

Äèíàìèêà è èíäóêöèÿ

Àíòè-ëåñòíèöà

Êóçíå÷èê

Âîññòàíîâëåíèå îòâåòà

2 Äâóìåðíûå çàäà÷è

×èñëî ñî÷åòàíèé

Íàèáîëüøàÿ îáùàÿ ïîäïîñëåäîâàòåëüíîñòü

Ðåäàêöèîííîå ðàññòîÿíèå

Ñòðîêà è øàáëîí

Íàèáîëüøàÿ âîçðàñòàþùàÿ ïîäïîñëåäîâàòåëüíîñòü
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Îäíîìåðíûå çàäà÷è Äèíàìèêà è èíäóêöèÿ

Äèíàìèêà è èíäóêöèÿ

Äèíàìè÷åñêîå

ïðîãðàììèðîâàíèå:

Íàéä¼ì f(n).

Áàçà: f(0) = 0, f(1) = a1.

Ïðåäïîëîæåíèå: ïóñòü

f(k′) óæå íàéäåíû äëÿ

âñåõ k′ < k.

Ïåðåõîä: òîãäà f(k) =
ak +max(f(k− 1), f(k− 2)).

Îòâåò: f(n).

Ìàòåìàòè÷åñêàÿ

èíäóêöèÿ:

Äîêàæåì, ÷òî f(n)
ïîñ÷èòàíî âåðíî.

Áàçà: f(0) = 0, f(1) = a1.

Ïðåäïîëîæåíèå: ïóñòü

f(k′) óæå ïîñ÷èòàíû âåðíî

äëÿ âñåõ k′ < k.

Ïåðåõîä: òîãäà f(k) =
ak +max(f(k− 1), f(k− 2))
òîæå ïîñ÷èòàíî âåðíî.

Çíà÷èò, f(n) ïîñ÷èòàíî
âåðíî.
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Îäíîìåðíûå çàäà÷è Àíòè-ëåñòíèöà

Ñîäåðæàíèå

1 Îäíîìåðíûå çàäà÷è

×èñëà Ôèáîíà÷÷è

Ëåñòíèöà

Äèíàìèêà è èíäóêöèÿ

Àíòè-ëåñòíèöà

Êóçíå÷èê

Âîññòàíîâëåíèå îòâåòà

2 Äâóìåðíûå çàäà÷è

×èñëî ñî÷åòàíèé

Íàèáîëüøàÿ îáùàÿ ïîäïîñëåäîâàòåëüíîñòü

Ðåäàêöèîííîå ðàññòîÿíèå

Ñòðîêà è øàáëîí

Íàèáîëüøàÿ âîçðàñòàþùàÿ ïîäïîñëåäîâàòåëüíîñòü
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Îäíîìåðíûå çàäà÷è Àíòè-ëåñòíèöà

Àíòè-ëåñòíèöà

Åñòü ïîñëåäîâàòåëüíîñòü èç n ÷èñåë: a1, a2, . . . , an.

Ìû õîòèì âûáðàòü ïîäïîñëåäîâàòåëüíîñòü.

Ïðè ýòîì íåëüçÿ âûáèðàòü äâà ñîñåäíèõ ýëåìåíòà.

Êàê ìàêñèìèçèðîâàòü ñóììó âûáðàííûõ ÷èñåë?
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Îäíîìåðíûå çàäà÷è Àíòè-ëåñòíèöà

Àíòè-ëåñòíèöà

Åñòü ïîñëåäîâàòåëüíîñòü èç n ÷èñåë: a1, a2, . . . , an.

Ìû õîòèì âûáðàòü ïîäïîñëåäîâàòåëüíîñòü.

Ïðè ýòîì íåëüçÿ âûáèðàòü äâà ñîñåäíèõ ýëåìåíòà.

Êàê ìàêñèìèçèðîâàòü ñóììó âûáðàííûõ ÷èñåë?

Ïðèìåð 1:

1 3 4 -6 -7 8 3 4 6
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Îäíîìåðíûå çàäà÷è Àíòè-ëåñòíèöà

Àíòè-ëåñòíèöà

Åñòü ïîñëåäîâàòåëüíîñòü èç n ÷èñåë: a1, a2, . . . , an.

Ìû õîòèì âûáðàòü ïîäïîñëåäîâàòåëüíîñòü.

Ïðè ýòîì íåëüçÿ âûáèðàòü äâà ñîñåäíèõ ýëåìåíòà.

Êàê ìàêñèìèçèðîâàòü ñóììó âûáðàííûõ ÷èñåë?

Ïðèìåð 1, ðåøåíèå:

1 3 4 -6 -7 8 3 4 6

Îòâåò: 1+ 4+ 8+ 6 = 19.

Èâàí Êàçìåíêî et al. (ÌÊÍ ÑÏáÃÓ) Äèíàìè÷åñêîå ïðîãðàììèðîâàíèå 15.10.2025 12 / 51



Îäíîìåðíûå çàäà÷è Àíòè-ëåñòíèöà

Àíòè-ëåñòíèöà

Åñòü ïîñëåäîâàòåëüíîñòü èç n ÷èñåë: a1, a2, . . . , an.

Ìû õîòèì âûáðàòü ïîäïîñëåäîâàòåëüíîñòü.

Ïðè ýòîì íåëüçÿ âûáèðàòü äâà ñîñåäíèõ ýëåìåíòà.

Êàê ìàêñèìèçèðîâàòü ñóììó âûáðàííûõ ÷èñåë?

Ïðèìåð 2:

1 7 4 -6 -7 8 3 4 6

Èâàí Êàçìåíêî et al. (ÌÊÍ ÑÏáÃÓ) Äèíàìè÷åñêîå ïðîãðàììèðîâàíèå 15.10.2025 12 / 51



Îäíîìåðíûå çàäà÷è Àíòè-ëåñòíèöà

Àíòè-ëåñòíèöà

Åñòü ïîñëåäîâàòåëüíîñòü èç n ÷èñåë: a1, a2, . . . , an.

Ìû õîòèì âûáðàòü ïîäïîñëåäîâàòåëüíîñòü.

Ïðè ýòîì íåëüçÿ âûáèðàòü äâà ñîñåäíèõ ýëåìåíòà.

Êàê ìàêñèìèçèðîâàòü ñóììó âûáðàííûõ ÷èñåë?
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1 7 4 -6 -7 8 3 4 6
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Îäíîìåðíûå çàäà÷è Àíòè-ëåñòíèöà

Àíòè-ëåñòíèöà, ðåøåíèå 1

Äàâàéòå ðåøàòü áîëåå îáùóþ çàäà÷ó.

Äëÿ êàæäîãî k îò 0 äî n:

Ïóñòü ìû âçÿëè k-å ÷èñëî ïîñëåäíèì.

Êàê ïðè ýòîì ìàêñèìèçèðîâàòü ñóììó?

Ïðèìåð 1:

1 3 4 -6 -7 8 3 4 6

0 1

Íàçîâ¼ì ýòî çíà÷åíèå f(k).

Áàçà: ïóñòü f(0) = 0.

Áàçà: f(1) = a1.
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Îäíîìåðíûå çàäà÷è Àíòè-ëåñòíèöà

Àíòè-ëåñòíèöà, ðåøåíèå 1

Äàâàéòå ðåøàòü áîëåå îáùóþ çàäà÷ó.

Äëÿ êàæäîãî k îò 0 äî n:

Ïóñòü ìû âçÿëè k-å ÷èñëî ïîñëåäíèì.

Êàê ïðè ýòîì ìàêñèìèçèðîâàòü ñóììó?

Ïðèìåð 1:

1 3 4 -6 -7 8 3 4 6

0 1 3 5 -3 -2 13

Ïóñòü ìû óæå íàøëè f(k′) äëÿ âñåõ k′ < k.

Êàê ïîñ÷èòàòü f(k)?

Ïðåäûäóùèì ìû ìîãëè âçÿòü k− 2-å ÷èñëî, èëè k− 3-å, . . .,
èëè ïåðâîå, èëè íóëåâîå (òî åñòü íè÷åãî íå âçÿòü).
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Îäíîìåðíûå çàäà÷è Àíòè-ëåñòíèöà

Àíòè-ëåñòíèöà, ðåøåíèå 1

Äàâàéòå ðåøàòü áîëåå îáùóþ çàäà÷ó.

Äëÿ êàæäîãî k îò 0 äî n:

Ïóñòü ìû âçÿëè k-å ÷èñëî ïîñëåäíèì.

Êàê ïðè ýòîì ìàêñèìèçèðîâàòü ñóììó?

Ïðèìåð 1:

1 3 4 -6 -7 8 3 4 6

0 1 3 5 -3 -2 13 8 17 19

Ïîëó÷àåòñÿ f(k) = ak +max(f(k− 2), f(k− 3), . . . , f(1), f(0)).

Îòâåò� ýòî max(f(0), f(1), . . . , f(n)).

Ðåøåíèå ðàáîòàåò çà O(n2).
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Îäíîìåðíûå çàäà÷è Àíòè-ëåñòíèöà

Àíòè-ëåñòíèöà, ðåøåíèå 2

Äàâàéòå ðåøàòü äðóãóþ áîëåå îáùóþ çàäà÷ó.

Äëÿ êàæäîãî k îò 0 äî n:

Ðàññìîòðèì ïðåôèêñ ïîñëåäîâàòåëüíîñòè: a1, a2, . . . , ak.

Êàê ïðè ýòîì ìàêñèìèçèðîâàòü ñóììó?

Ïðèìåð 1:

1 3 4 -6 -7 8 3 4 6

0 1

Íàçîâ¼ì ýòî çíà÷åíèå g(k).

Áàçà: g(0) = 0.

Áàçà: g(1) = max(0, a1).
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Îäíîìåðíûå çàäà÷è Àíòè-ëåñòíèöà

Àíòè-ëåñòíèöà, ðåøåíèå 2

Äàâàéòå ðåøàòü äðóãóþ áîëåå îáùóþ çàäà÷ó.

Äëÿ êàæäîãî k îò 0 äî n:

Ðàññìîòðèì ïðåôèêñ ïîñëåäîâàòåëüíîñòè: a1, a2, . . . , ak.

Êàê ïðè ýòîì ìàêñèìèçèðîâàòü ñóììó?

Ïðèìåð 1:

1 3 4 -6 -7 8 3 4 6

0 1 3 5 5 5 13 13 17 19

Êàê íàéòè g(k), åñëè ìû óæå çíàåì g(k′) äëÿ âñåõ k′ < k?

Ìû ìîæåì íå áðàòü ak, òîãäà âîçüì¼ì îòâåò èç g(k− 1).

Ìû ìîæåì âçÿòü ak, òîãäà äîáàâèì îòâåò èç g(k− 2).
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Îäíîìåðíûå çàäà÷è Àíòè-ëåñòíèöà

Àíòè-ëåñòíèöà, ðåøåíèå 2

Äàâàéòå ðåøàòü äðóãóþ áîëåå îáùóþ çàäà÷ó.

Äëÿ êàæäîãî k îò 0 äî n:

Ðàññìîòðèì ïðåôèêñ ïîñëåäîâàòåëüíîñòè: a1, a2, . . . , ak.

Êàê ïðè ýòîì ìàêñèìèçèðîâàòü ñóììó?

Ïðèìåð 1:

1 3 4 -6 -7 8 3 4 6

0 1 3 5 5 5 13 13 17 19

Ïîëó÷àåòñÿ g(k) = max(g(k− 1), ak + g(k− 2)).

Îòâåò� ýòî g(n).

Ðåøåíèå ðàáîòàåò çà O(n).
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Îäíîìåðíûå çàäà÷è Êóçíå÷èê

Ñîäåðæàíèå

1 Îäíîìåðíûå çàäà÷è

×èñëà Ôèáîíà÷÷è

Ëåñòíèöà

Äèíàìèêà è èíäóêöèÿ

Àíòè-ëåñòíèöà

Êóçíå÷èê

Âîññòàíîâëåíèå îòâåòà

2 Äâóìåðíûå çàäà÷è

×èñëî ñî÷åòàíèé

Íàèáîëüøàÿ îáùàÿ ïîäïîñëåäîâàòåëüíîñòü

Ðåäàêöèîííîå ðàññòîÿíèå

Ñòðîêà è øàáëîí

Íàèáîëüøàÿ âîçðàñòàþùàÿ ïîäïîñëåäîâàòåëüíîñòü

Èâàí Êàçìåíêî et al. (ÌÊÍ ÑÏáÃÓ) Äèíàìè÷åñêîå ïðîãðàììèðîâàíèå 15.10.2025 15 / 51



Îäíîìåðíûå çàäà÷è Êóçíå÷èê

Êóçíå÷èê�ìîæåò èëè íåò

Åñòü ëåíòà èç êëåòîê, ïî êîòîðîé ïðûãàåò êóçíå÷èê.

Îí íà÷èíàåò â êëåòêå 1.

Èç ëþáîé êëåòêè x îí ìîæåò ïðûãíóòü â êëåòêè x+ a, x+ b è

x+ c.

Ïðèìåð: a = 2, b = 3, c = 5.

Ìîæåò ëè êóçíå÷èê äîáðàòüñÿ äî êëåòêè n?
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Îäíîìåðíûå çàäà÷è Êóçíå÷èê

Êóçíå÷èê�ìîæåò èëè íåò

Åñòü ëåíòà èç êëåòîê, ïî êîòîðîé ïðûãàåò êóçíå÷èê.

Îí íà÷èíàåò â êëåòêå 1.

Èç ëþáîé êëåòêè x îí ìîæåò ïðûãíóòü â êëåòêè x+ a, x+ b è

x+ c.

Ïðèìåð: a = 2, b = 3, c = 5.

Ìîæåò ëè êóçíå÷èê äîáðàòüñÿ äî êëåòêè n?

Îáîáùèì çàäà÷ó: äëÿ êàæäîé êëåòêè k âûÿñíèì, ìîæåò ëè êóçíå÷èê

äî íå¼ äîáðàòüñÿ.

Áàçà: f(1) = true.

Ïåðåñ÷¼ò: f(k) = f(k− a) ∨ f(k− b) ∨ f(k− c).
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Îäíîìåðíûå çàäà÷è Êóçíå÷èê

Êóçíå÷èê�ìîæåò èëè íåò

Åñòü ëåíòà èç êëåòîê, ïî êîòîðîé ïðûãàåò êóçíå÷èê.

Îí íà÷èíàåò â êëåòêå 1.

Èç ëþáîé êëåòêè x îí ìîæåò ïðûãíóòü â êëåòêè x+ a, x+ b è

x+ c.

Ïðèìåð: a = 2, b = 3, c = 5.

Ìîæåò ëè êóçíå÷èê äîáðàòüñÿ äî êëåòêè n?

Ïñåâäîêîä:

f[1] := true

for k := 2, ..., n:

f[k] := false

if k > a and f[k - a]: f[k] := true

if k > b and f[k - b]: f[k] := true

if k > c and f[k - c]: f[k] := true
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Îäíîìåðíûå çàäà÷è Êóçíå÷èê

Êóçíå÷èê� êàê ìîæíî áûñòðåå

Åñòü ëåíòà èç êëåòîê, ïî êîòîðîé ïðûãàåò êóçíå÷èê.

Îí íà÷èíàåò â êëåòêå 1.

Èç ëþáîé êëåòêè x îí ìîæåò ïðûãíóòü â êëåòêè x+ a, x+ b è

x+ c.

Çà êàêîå ìèíèìàëüíîå ÷èñëî ïðûæêîâ êóçíå÷èê ìîæåò

äîáðàòüñÿ äî êëåòêè n?

Èâàí Êàçìåíêî et al. (ÌÊÍ ÑÏáÃÓ) Äèíàìè÷åñêîå ïðîãðàììèðîâàíèå 15.10.2025 17 / 51



Îäíîìåðíûå çàäà÷è Êóçíå÷èê

Êóçíå÷èê� êàê ìîæíî áûñòðåå

Åñòü ëåíòà èç êëåòîê, ïî êîòîðîé ïðûãàåò êóçíå÷èê.

Îí íà÷èíàåò â êëåòêå 1.

Èç ëþáîé êëåòêè x îí ìîæåò ïðûãíóòü â êëåòêè x+ a, x+ b è

x+ c.

Çà êàêîå ìèíèìàëüíîå ÷èñëî ïðûæêîâ êóçíå÷èê ìîæåò

äîáðàòüñÿ äî êëåòêè n?

Îáîáùèì çàäà÷ó: äëÿ êàæäîé êëåòêè k âûÿñíèì, çà êàêîå

ìèíèìàëüíîå ÷èñëî ïðûæêîâ êóçíå÷èê ìîæåò äî íå¼ äîáðàòüñÿ.

Áàçà: f(1) = 0.

Ïåðåñ÷¼ò: f(k) = 1+min(f(k− a), f(k− b), f(k− c)).
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Îäíîìåðíûå çàäà÷è Êóçíå÷èê

Êóçíå÷èê� êàê ìîæíî áûñòðåå

Åñòü ëåíòà èç êëåòîê, ïî êîòîðîé ïðûãàåò êóçíå÷èê.

Îí íà÷èíàåò â êëåòêå 1.

Èç ëþáîé êëåòêè x îí ìîæåò ïðûãíóòü â êëåòêè x+ a, x+ b è

x+ c.

Çà êàêîå ìèíèìàëüíîå ÷èñëî ïðûæêîâ êóçíå÷èê ìîæåò

äîáðàòüñÿ äî êëåòêè n?

Ïñåâäîêîä:

f[1] := 0

for k := 2, ..., n:

f[k] := infinity

if k > a: f[k] := min (f[k], 1 + f[k - a])

if k > b: f[k] := min (f[k], 1 + f[k - b])

if k > c: f[k] := min (f[k], 1 + f[k - c])
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Îäíîìåðíûå çàäà÷è Êóçíå÷èê

Êóçíå÷èê� ÿìû

Åñòü ëåíòà èç êëåòîê, ïî êîòîðîé ïðûãàåò êóçíå÷èê.

Îí íà÷èíàåò â êëåòêå 1.

Èç ëþáîé êëåòêè x îí ìîæåò ïðûãíóòü â êëåòêè x+ a, x+ b è

x+ c.

Â íåêîòîðûõ êëåòêàõ� ÿìû, òóäà ïîïàäàòü íåëüçÿ.

Çà êàêîå ìèíèìàëüíîå ÷èñëî ïðûæêîâ êóçíå÷èê ìîæåò

äîáðàòüñÿ äî êëåòêè n?
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Îäíîìåðíûå çàäà÷è Êóçíå÷èê

Êóçíå÷èê� ÿìû

Â íåêîòîðûõ êëåòêàõ� ÿìû, òóäà ïîïàäàòü íåëüçÿ.

Çà êàêîå ìèíèìàëüíîå ÷èñëî ïðûæêîâ êóçíå÷èê ìîæåò

äîáðàòüñÿ äî êëåòêè n?

Îáîáùèì çàäà÷ó: äëÿ êàæäîé êëåòêè k âûÿñíèì, çà êàêîå

ìèíèìàëüíîå ÷èñëî ïðûæêîâ êóçíå÷èê ìîæåò äî íå¼ äîáðàòüñÿ.

Áàçà: f(1) = 0.

Ïåðåñ÷¼ò: f(k) = 1+min(f(k− a), f(k− b), f(k− c)).

Åñëè hk = true (hole, ÿìà â êëåòêå k), òî ïóñòü f(k) = ∞.
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Îäíîìåðíûå çàäà÷è Êóçíå÷èê

Êóçíå÷èê� ÿìû

Â íåêîòîðûõ êëåòêàõ� ÿìû, òóäà ïîïàäàòü íåëüçÿ.

Çà êàêîå ìèíèìàëüíîå ÷èñëî ïðûæêîâ êóçíå÷èê ìîæåò

äîáðàòüñÿ äî êëåòêè n?

Ïñåâäîêîä:

f[1] := 0

for k := 2, ..., n:

f[k] := infinity

if not h[k]:

if k > a: f[k] := min (f[k], 1 + f[k - a])

if k > b: f[k] := min (f[k], 1 + f[k - b])

if k > c: f[k] := min (f[k], 1 + f[k - c])
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Îäíîìåðíûå çàäà÷è Êóçíå÷èê

Êóçíå÷èê� ñîê

Åñòü ëåíòà èç êëåòîê, ïî êîòîðîé ïðûãàåò êóçíå÷èê.

Îí íà÷èíàåò â êëåòêå 1.

Èç ëþáîé êëåòêè x îí ìîæåò ïðûãíóòü â êëåòêè x+ a, x+ b è

x+ c.

Â íåêîòîðûõ êëåòêàõ� ÿìû, òóäà ïîïàäàòü íåëüçÿ.

Â êàæäîé êëåòêå åñòü íåîòðèöàòåëüíîå êîëè÷åñòâî ñîêà.

Çà êàêîå ìèíèìàëüíîå ÷èñëî ïðûæêîâ êóçíå÷èê ìîæåò

äîáðàòüñÿ äî êëåòêè n?

Èç âñåõ òàêèõ ìàðøðóòîâ âûáåðèòå òîò, íà êîòîðîì êóçíå÷èê

ñîáåð¼ò êàê ìîæíî áîëüøå ñîêà.
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Îäíîìåðíûå çàäà÷è Êóçíå÷èê

Êóçíå÷èê� ñîê

Â íåêîòîðûõ êëåòêàõ� ÿìû, òóäà ïîïàäàòü íåëüçÿ.

Â êàæäîé êëåòêå åñòü íåîòðèöàòåëüíîå êîëè÷åñòâî ñîêà.

Çà êàêîå ìèíèìàëüíîå ÷èñëî ïðûæêîâ êóçíå÷èê ìîæåò

äîáðàòüñÿ äî êëåòêè n?

Èç âñåõ òàêèõ ìàðøðóòîâ âûáåðèòå òîò, íà êîòîðîì êóçíå÷èê

ñîáåð¼ò êàê ìîæíî áîëüøå ñîêà.

Îáîáùèì çàäà÷ó. Äëÿ êàæäîé êëåòêè k íàéä¼ì ïàðó: ìèíèìàëüíîå

êîëè÷åñòâî ïðûæêîâ äî íå¼, ìàêñèìàëüíîå êîëè÷åñòâî ñîêà ïðè

òàêîì êîëè÷åñòâå ïðûæêîâ.

Áàçà: f(1) = {0, j1}; ïóñòü jk (juice) � êîëè÷åñòâî ñîêà â êëåòêå k.

Ïåðåñ÷¼ò: f(k) = {1, jk}+ best(f(k− a), f(k− b), f(k− c)).

Åñëè hk = true (hole, ÿìà â êëåòêå k), òî ïóñòü f(k) = {∞, 0}.
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Îäíîìåðíûå çàäà÷è Êóçíå÷èê

Êóçíå÷èê� ñîê

Â íåêîòîðûõ êëåòêàõ� ÿìû, òóäà ïîïàäàòü íåëüçÿ.

Â êàæäîé êëåòêå åñòü íåîòðèöàòåëüíîå êîëè÷åñòâî ñîêà.

Çà êàêîå ìèíèìàëüíîå ÷èñëî ïðûæêîâ êóçíå÷èê ìîæåò

äîáðàòüñÿ äî êëåòêè n?

Èç âñåõ òàêèõ ìàðøðóòîâ âûáåðèòå òîò, íà êîòîðîì êóçíå÷èê

ñîáåð¼ò êàê ìîæíî áîëüøå ñîêà.

Ïñåâäîêîä:

f[1] := {0, -j[1]}

for k := 2, ..., n:

f[k] := {infinity, 0}

if not h[k]:

if k > a: f[k] := min (f[k], {1, -j[k]} + f[k - a])

if k > b: f[k] := min (f[k], {1, -j[k]} + f[k - b])

if k > c: f[k] := min (f[k], {1, -j[k]} + f[k - c])
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Îäíîìåðíûå çàäà÷è Âîññòàíîâëåíèå îòâåòà

Ñîäåðæàíèå

1 Îäíîìåðíûå çàäà÷è

×èñëà Ôèáîíà÷÷è

Ëåñòíèöà

Äèíàìèêà è èíäóêöèÿ

Àíòè-ëåñòíèöà

Êóçíå÷èê

Âîññòàíîâëåíèå îòâåòà

2 Äâóìåðíûå çàäà÷è

×èñëî ñî÷åòàíèé

Íàèáîëüøàÿ îáùàÿ ïîäïîñëåäîâàòåëüíîñòü

Ðåäàêöèîííîå ðàññòîÿíèå

Ñòðîêà è øàáëîí

Íàèáîëüøàÿ âîçðàñòàþùàÿ ïîäïîñëåäîâàòåëüíîñòü
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Âîññòàíîâëåíèå îòâåòà

Åñòü ëåíòà èç êëåòîê, ïî êîòîðîé ïðûãàåò êóçíå÷èê.

Îí íà÷èíàåò â êëåòêå 1.

Èç ëþáîé êëåòêè x îí ìîæåò ïðûãíóòü â êëåòêè x+ a, x+ b è

x+ c.

Â íåêîòîðûõ êëåòêàõ� ÿìû, òóäà ïîïàäàòü íåëüçÿ.

Çà êàêîå ìèíèìàëüíîå ÷èñëî ïðûæêîâ êóçíå÷èê ìîæåò

äîáðàòüñÿ äî êëåòêè n?

Êàê èìåííî íóæíî ïðûãàòü êóçíå÷èêó äëÿ ýòîãî?
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Â íåêîòîðûõ êëåòêàõ� ÿìû, òóäà ïîïàäàòü íåëüçÿ.

Çà êàêîå ìèíèìàëüíîå ÷èñëî ïðûæêîâ êóçíå÷èê ìîæåò

äîáðàòüñÿ äî êëåòêè n?

Êàê èìåííî íóæíî ïðûãàòü êóçíå÷èêó äëÿ ýòîãî?

Îáîáùèì çàäà÷ó: äëÿ êàæäîé êëåòêè k âûÿñíèì, çà êàêîå

ìèíèìàëüíîå ÷èñëî ïðûæêîâ êóçíå÷èê ìîæåò äî íå¼ äîáðàòüñÿ.

Áàçà: f(1) = 0.

Ïåðåñ÷¼ò: f(k) = 1+min(f(k− a), f(k− b), f(k− c)).
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Â íåêîòîðûõ êëåòêàõ� ÿìû, òóäà ïîïàäàòü íåëüçÿ.

Çà êàêîå ìèíèìàëüíîå ÷èñëî ïðûæêîâ êóçíå÷èê ìîæåò

äîáðàòüñÿ äî êëåòêè n?

Êàê èìåííî íóæíî ïðûãàòü êóçíå÷èêó äëÿ ýòîãî?

Ïñåâäîêîä:

f[1] := 0

for k := 2, ..., n:

f[k] := infinity

if not h[k]:

if k > a: f[k] := min (f[k], 1 + f[k - a])

if k > b: f[k] := min (f[k], 1 + f[k - b])

if k > c: f[k] := min (f[k], 1 + f[k - c])
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Âîññòàíîâëåíèå îòâåòà� îáðàòíûå ð¼áðà
Áóäåì âîññòàíàâëèâàòü ïóòü ñ êîíöà: ñòîÿ â êëåòêå x, ñìîòðåòü, èç

êàêîé êëåòêè ìîãëî ïîëó÷èòüñÿ çíà÷åíèå f(x).
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Âîññòàíîâëåíèå îòâåòà� îáðàòíûå ð¼áðà
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êàêîé êëåòêè ìîãëî ïîëó÷èòüñÿ çíà÷åíèå f(x).

Ïñåâäîêîä:

x := n

steps.add (x)

while x > 1:

if x > a and f[x] = 1 + f[x - a]: x -= a

else if x > b and f[x] = 1 + f[x - b]: x -= b

else if x > c and f[x] = 1 + f[x - c]: x -= c

steps.add (x)

reverse (steps)
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Âîññòàíîâëåíèå îòâåòà� õðàíåíèå ïðåäêîâ
Äëÿ êàæäîé êëåòêè k íå òîëüêî âûÿñíèì, çà êàêîå ìèíèìàëüíîå

÷èñëî ïðûæêîâ êóçíå÷èê ìîæåò äî íå¼ äîáðàòüñÿ, íî è çàïîìíèì,

êàêèì ïðûæêîì îí òóäà ïîïàë.
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Âîññòàíîâëåíèå îòâåòà� õðàíåíèå ïðåäêîâ
Äëÿ êàæäîé êëåòêè k íå òîëüêî âûÿñíèì, çà êàêîå ìèíèìàëüíîå

÷èñëî ïðûæêîâ êóçíå÷èê ìîæåò äî íå¼ äîáðàòüñÿ, íî è çàïîìíèì,

êàêèì ïðûæêîì îí òóäà ïîïàë.
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Ïñåâäîêîä:

f[1] := 0

for k := 2, ..., n:

f[k] := infinity

if not h[k]:

if k > a and f[k] > 1 + f[k - a]:

p[k] := a, f[k] := 1 + f[k - a]

if k > b and f[k] > 1 + f[k - b]:

p[k] := b, f[k] := 1 + f[k - b]

if k > c and f[k] > 1 + f[k - c]:

p[k] := c, f[k] := 1 + f[k - c]
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Áóäåì âîññòàíàâëèâàòü ïóòü ñ êîíöà: ñòîÿ â êëåòêå x, ñäâèãàòüñÿ

íàçàä íà âåëè÷èíó ïðûæêà px.

Ïñåâäîêîä:

x := n

steps.add (x)

while x > 1:

x -= p[x]

steps.add (x)

reverse (steps)
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Äâóìåðíûå çàäà÷è ×èñëî ñî÷åòàíèé

Ñîäåðæàíèå

1 Îäíîìåðíûå çàäà÷è

×èñëà Ôèáîíà÷÷è

Ëåñòíèöà

Äèíàìèêà è èíäóêöèÿ

Àíòè-ëåñòíèöà

Êóçíå÷èê

Âîññòàíîâëåíèå îòâåòà

2 Äâóìåðíûå çàäà÷è

×èñëî ñî÷åòàíèé

Íàèáîëüøàÿ îáùàÿ ïîäïîñëåäîâàòåëüíîñòü

Ðåäàêöèîííîå ðàññòîÿíèå

Ñòðîêà è øàáëîí

Íàèáîëüøàÿ âîçðàñòàþùàÿ ïîäïîñëåäîâàòåëüíîñòü
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×èñëî ñî÷åòàíèé

Ïîñòàíîâêà çàäà÷è:

Åñòü n ðàçëè÷íûõ îáúåêòîâ.

Âûáèðàåì èç íèõ k ðàçëè÷íûõ (ïîðÿäîê íå âàæåí).

Ñêîëüêî ñïîñîáîâ ýòî ñäåëàòü? Îáîçíà÷èì êàê Ck
n.

Îáúåêòû ìîæíî ïðîñòî ïðîíóìåðîâàòü ÷èñëàìè îò 1 äî n.

Ïðèìåð: n = 4, k = 2. Ïîëó÷àåì C2
4 = 6.

1 2 3 4 Ñî÷åòàíèå

1 2 3 4 1, 2

1 2 3 4 1, 3

1 2 3 4 1, 4

1 2 3 4 2, 3

1 2 3 4 2, 4

1 2 3 4 3, 4
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Äâóìåðíûå çàäà÷è ×èñëî ñî÷åòàíèé

×èñëî ñî÷åòàíèé

Âû÷èñëåíèå Ck
n �êîìáèíàòîðíîå ðåøåíèå:

Âûáèðàåì ïåðâûé îáúåêò n ñïîñîáàìè.

Âûáèðàåì âòîðîé îáúåêò èç îñòàâøèõñÿ n− 1 ñïîñîáîì.

. . .

Âûáèðàåì k-é îáúåêò èç îñòàâøèõñÿ n− k+ 1 ñïîñîáîì.

Êàæäîå ñî÷åòàíèå ïîëó÷èëîñü k! ðàç â ðàçëè÷íûõ
ïîðÿäêàõ.

Ïîýòîìó ïîäåëèì îòâåò íà k! = 1 · 2 · 3 · · · k.
Ïîëó÷àåì, ÷òî

Ck
n =

n · (n− 1) · · · (n− k+ 1)

1 · 2 · · · k

=
1 · 2 · · · (n− k)

1 · 2 · · · (n− k)
× (n− k+ 1) · (n− k+ 2) · · ·n

1 · 2 · · · k

=
n!

k!× (n− k)!
.
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×èñëî ñî÷åòàíèé

Âû÷èñëåíèå Ck
n �êîìáèíàòîðíîå ðåøåíèå:

Âûáèðàåì ïåðâûé îáúåêò n ñïîñîáàìè.

Âûáèðàåì âòîðîé îáúåêò èç îñòàâøèõñÿ n− 1 ñïîñîáîì.

. . .

Âûáèðàåì k-é îáúåêò èç îñòàâøèõñÿ n− k+ 1 ñïîñîáîì.

Êàæäîå ñî÷åòàíèå ïîëó÷èëîñü k! ðàç â ðàçëè÷íûõ
ïîðÿäêàõ.

Ïîýòîìó ïîäåëèì îòâåò íà k! = 1 · 2 · 3 · · · k.
Èòîãîâàÿ ôîðìóëà:

Ck
n =

n!

k!× (n− k)!

Ïðèìåð: n = 4, k = 2. Ïîëó÷àåì

C2
4 =

1 · 2 · 3 · 4
1 · 2× 1 · 2

=
24

4
= 6.
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Äâóìåðíûå çàäà÷è ×èñëî ñî÷åòàíèé

×èñëî ñî÷åòàíèé

Âû÷èñëåíèå Ck
n � ñâåä�åíèå ê ïîäçàäà÷àì:

Ðàññìîòðèì îáúåêò ñ íîìåðîì n.

Åñëè ìû âûáåðåì åãî, èç n− 1 îñòàâøåãîñÿ îáúåêòà íóæíî

áóäåò âûáðàòü åù¼ k− 1.

Åñëè ìû íå âûáåðåì åãî, èç n− 1 îñòàâøåãîñÿ îáúåêòà

íóæíî áóäåò âûáðàòü åù¼ k.

Ïîëó÷àåì, ÷òî

Ck
n = Ck−1

n−1 + Ck
n−1.

Áàçà: C0
0 = 1, Ck

n = 0 ïðè k < 0 èëè k > n.

Ïðèìåð: n = 4, k = 2. Ïîëó÷àåì C2
4 = 6.
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Äâóìåðíûå çàäà÷è ×èñëî ñî÷åòàíèé

×èñëî ñî÷åòàíèé

n \ k −1 0 1 2 3 4

0 0 1 0 0 0 0

1 0 ? ? 0 0 0

2 0 ? ? ? 0 0

3 0 ? ? ? ? 0

4 0 ? ? ? ? ?

Ïîëó÷àåì, ÷òî

Ck
n = Ck−1

n−1 + Ck
n−1.

Áàçà: C0
0 = 1, Ck

n = 0 ïðè k < 0 èëè k > n.

Ïðèìåð: n = 4, k = 2. Ïîëó÷àåì C2
4 = 6.
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×èñëî ñî÷åòàíèé

n \ k −1 0 1 2 3 4

0 0 1 0 0 0 0

1 0 1 1 0 0 0

2 0 1 2 1 0 0

3 0 1 3 3 1 0

4 0 1 4 6 4 1

Ïîëó÷àåì, ÷òî

Ck
n = Ck−1

n−1 + Ck
n−1.

Áàçà: C0
0 = 1, Ck

n = 0 ïðè k < 0 èëè k > n.

Ïðèìåð: n = 4, k = 2. Ïîëó÷àåì C2
4 = 6.
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n \ k −1 0 1 2 3 4

0 0 1 0 0 0 0

1 0 1 1 0 0 0

2 0 1 2 1 0 0

3 0 1 3 3 1 0

4 0 1 4 6 4 1

Ïîëó÷àåì, ÷òî

Ck
n = Ck−1

n−1 + Ck
n−1.

Áàçà: C0
0 = 1, Ck

n = 0 ïðè k < 0 èëè k > n.

Ïðèìåð: n = 4, k = 2. Ïîëó÷àåì C2
4 = 6.
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Äâóìåðíûå çàäà÷è ×èñëî ñî÷åòàíèé

×èñëî ñî÷åòàíèé

n \ k −1 0 1 2 3 4

0 0 1 0 0 0 0

1 0 1 1 0 0 0

2 0 1 2 1 0 0

3 0 1 3 3 1 0

4 0 1 4 6 4 1

Ïñåâäîêîä:

for n := 0, ..., maxN:

c[n][0] := 1

for k := 1, ..., n:

c[n][k] := c[n - 1][k - 1] + c[n - 1][k]
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Äâóìåðíûå çàäà÷è Íàèáîëüøàÿ îáùàÿ ïîäïîñëåäîâàòåëüíîñòü

Ñîäåðæàíèå

1 Îäíîìåðíûå çàäà÷è

×èñëà Ôèáîíà÷÷è

Ëåñòíèöà

Äèíàìèêà è èíäóêöèÿ

Àíòè-ëåñòíèöà

Êóçíå÷èê

Âîññòàíîâëåíèå îòâåòà

2 Äâóìåðíûå çàäà÷è

×èñëî ñî÷åòàíèé

Íàèáîëüøàÿ îáùàÿ ïîäïîñëåäîâàòåëüíîñòü

Ðåäàêöèîííîå ðàññòîÿíèå

Ñòðîêà è øàáëîí

Íàèáîëüøàÿ âîçðàñòàþùàÿ ïîäïîñëåäîâàòåëüíîñòü
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Íàèáîëüøàÿ îáùàÿ ïîäïîñëåäîâàòåëüíîñòü

Îïðåäåëåíèÿ:

Ïîäïîñëåäîâàòåëüíîñòü ïîñëåäîâàòåëüíîñòè p1, p2, . . . , pk
(áóäåì îáîçíà÷àòü êàê p1..k) � ýòî ïîñëåäîâàòåëüíîñòü

pi1 , pi2 , . . . , pir äëÿ èíäåêñîâ 1 ⩽ i1 < i2 < . . . < ir ⩽ k.

Îáùàÿ ïîäïîñëåäîâàòåëüíîñòü a1..m è b1..n � ýòî

ïîñëåäîâàòåëüíîñòü, ÿâëÿþùàÿñÿ ïîäïîñëåäîâàòåëüíîñòüþ

è äëÿ a, è äëÿ b.

Ïîñòàíîâêà çàäà÷è:

Åñòü äâå ïîñëåäîâàòåëüíîñòè a1..m è b1..n.

Òðåáóåòñÿ íàéòè îáùóþ ïîäïîñëåäîâàòåëüíîñòü

ìàêñèìàëüíîé äëèíû.

Èç ÷åãî èìåííî ñîñòîÿò ïîñëåäîâàòåëüíîñòè� íå âàæíî.

Ìû áóäåì ðàññìàòðèâàòü ïîñëåäîâàòåëüíîñòè öåëûõ ÷èñåë.
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Íàèáîëüøàÿ îáùàÿ ïîäïîñëåäîâàòåëüíîñòü

Ïðèìåð:

a = (1, 2, 4, 6, 3), m = 5

b = (5, 1, 4, 2, 6, 3, 2), n = 7
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Íàèáîëüøàÿ îáùàÿ ïîäïîñëåäîâàòåëüíîñòü

Ïðèìåð:

a = (1, 2, 4, 6, 3), m = 5

b = (5, 1, 4, 2, 6, 3, 2), n = 7

Íàèáîëüøàÿ îáùàÿ ïîäïîñëåäîâàòåëüíîñòü:

p = (1, 2, 6, 3), å¼ äëèíà ðàâíà 4.
Êàê ïîäïîñëåäîâàòåëüíîñòü a: p = (a1, a2, a4, a5).
Êàê ïîäïîñëåäîâàòåëüíîñòü b: p = (b2, b4, b5, b6).
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Íàèáîëüøàÿ îáùàÿ ïîäïîñëåäîâàòåëüíîñòü

Ïðèìåð:

a = (1, 2, 4, 6, 3), m = 5

b = (5, 1, 4, 2, 6, 3, 2), n = 7

Íàèáîëüøàÿ îáùàÿ ïîäïîñëåäîâàòåëüíîñòü:

p = (1, 2, 6, 3), å¼ äëèíà ðàâíà 4.
Êàê ïîäïîñëåäîâàòåëüíîñòü a: p = (a1, a2, a4, a5).
Êàê ïîäïîñëåäîâàòåëüíîñòü b: p = (b2, b4, b5, b6).

Äðóãîé îïòèìàëüíûé îòâåò:

q = (1, 4, 6, 3), å¼ äëèíà òàêæå ðàâíà 4.
Êàê ïîäïîñëåäîâàòåëüíîñòü a: q = (a1, a3, a4, a5).
Êàê ïîäïîñëåäîâàòåëüíîñòü b: q = (b2, b3, b5, b6).
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Íàèáîëüøàÿ îáùàÿ ïîäïîñëåäîâàòåëüíîñòü

Ñâîäèì ê ñëåäóþùèì ïîäçàäà÷àì:

Äàíû ïðåôèêñû ïîñëåäîâàòåëüíîñòåé a è b: a1..i è b1..j.

Íàéä¼ì èõ íàèáîëüøóþ îáùóþ ïîäïîñëåäîâàòåëüíîñòü.

Ðåøåíèå ïîäçàäà÷è äëÿ a1..i è b1..j:

Ïóñòü îïòèìàëüíîå ðåøåíèå íåïóñòî (èíà÷å âñ¼ î÷åâèäíî).

Ðàññìîòðèì ïîñëåäíåå ÷èñëî â í¼ì.

Ýòî ÷èñëî ðàâíî êàêîìó-òî ax (1 ⩽ x ⩽ i).

Ýòî ÷èñëî òàêæå ðàâíî êàêîìó-òî by (1 ⩽ y ⩽ j).

Çíà÷èò, äëÿ ïîëó÷åíèÿ îïòèìàëüíîãî ðåøåíèÿ íóæíî

ðåøèòü ïîäçàäà÷ó äëÿ ïðåôèêñîâ a1..x−1 è b1..y−1 è
ïðèïèñàòü ê ïîëó÷åííîìó ðåøåíèþ ýòî ÷èñëî (îíî ðàâíî

ax è by).

Åñëè ïàð (x, y) íåñêîëüêî, . . .
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Íàèáîëüøàÿ îáùàÿ ïîäïîñëåäîâàòåëüíîñòü

Ñâîäèì ê ñëåäóþùèì ïîäçàäà÷àì:

Äàíû ïðåôèêñû ïîñëåäîâàòåëüíîñòåé a è b: a1..i è b1..j.

Íàéä¼ì èõ íàèáîëüøóþ îáùóþ ïîäïîñëåäîâàòåëüíîñòü.

Ðåøåíèå ïîäçàäà÷è äëÿ a1..i è b1..j:

Ïóñòü îïòèìàëüíîå ðåøåíèå íåïóñòî (èíà÷å âñ¼ î÷åâèäíî).

Ðàññìîòðèì ïîñëåäíåå ÷èñëî â í¼ì.

Ýòî ÷èñëî ðàâíî êàêîìó-òî ax (1 ⩽ x ⩽ i).

Ýòî ÷èñëî òàêæå ðàâíî êàêîìó-òî by (1 ⩽ y ⩽ j).

Çíà÷èò, äëÿ ïîëó÷åíèÿ îïòèìàëüíîãî ðåøåíèÿ íóæíî

ðåøèòü ïîäçàäà÷ó äëÿ ïðåôèêñîâ a1..x−1 è b1..y−1 è
ïðèïèñàòü ê ïîëó÷åííîìó ðåøåíèþ ýòî ÷èñëî (îíî ðàâíî

ax è by).

Åñëè ïàð (x, y) íåñêîëüêî, . . .
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Íàèáîëüøàÿ îáùàÿ ïîäïîñëåäîâàòåëüíîñòü

Ñâîäèì ê ñëåäóþùèì ïîäçàäà÷àì:

Äàíû ïðåôèêñû ïîñëåäîâàòåëüíîñòåé a è b: a1..i è b1..j.

Íàéä¼ì èõ íàèáîëüøóþ îáùóþ ïîäïîñëåäîâàòåëüíîñòü.

Ðåøåíèå ïîäçàäà÷è äëÿ a1..i è b1..j:

Ïóñòü îïòèìàëüíîå ðåøåíèå íåïóñòî (èíà÷å âñ¼ î÷åâèäíî).

Ðàññìîòðèì ïîñëåäíåå ÷èñëî â í¼ì.

Ýòî ÷èñëî ðàâíî êàêîìó-òî ax (1 ⩽ x ⩽ i).

Ýòî ÷èñëî òàêæå ðàâíî êàêîìó-òî by (1 ⩽ y ⩽ j).

Çíà÷èò, äëÿ ïîëó÷åíèÿ îïòèìàëüíîãî ðåøåíèÿ íóæíî

ðåøèòü ïîäçàäà÷ó äëÿ ïðåôèêñîâ a1..x−1 è b1..y−1 è
ïðèïèñàòü ê ïîëó÷åííîìó ðåøåíèþ ýòî ÷èñëî (îíî ðàâíî

ax è by).

Åñëè ïàð (x, y) íåñêîëüêî, íàéä¼ì ëó÷øåå èç ðåøåíèé äëÿ

âñåõ òàêèõ ïàð.
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Íàèáîëüøàÿ îáùàÿ ïîäïîñëåäîâàòåëüíîñòü

Ñâîäèì ê ñëåäóþùèì ïîäçàäà÷àì:

Äàíû ïðåôèêñû ïîñëåäîâàòåëüíîñòåé a è b: a1..i è b1..j.

Íàéä¼ì èõ íàèáîëüøóþ îáùóþ ïîäïîñëåäîâàòåëüíîñòü.

Ðåøåíèå ïîäçàäà÷è äëÿ a1..i è b1..j:

Ïóñòü îïòèìàëüíîå ðåøåíèå íåïóñòî (èíà÷å âñ¼ î÷åâèäíî).

Ðàññìîòðèì ïîñëåäíåå ÷èñëî â í¼ì.

Ýòî ÷èñëî ðàâíî êàêîìó-òî ax (1 ⩽ x ⩽ i).

Ýòî ÷èñëî òàêæå ðàâíî êàêîìó-òî by (1 ⩽ y ⩽ j).

Çíà÷èò, äëÿ ïîëó÷åíèÿ îïòèìàëüíîãî ðåøåíèÿ íóæíî

ðåøèòü ïîäçàäà÷ó äëÿ ïðåôèêñîâ a1..x−1 è b1..y−1 è
ïðèïèñàòü ê ïîëó÷åííîìó ðåøåíèþ ýòî ÷èñëî (îíî ðàâíî

ax è by).

Åñëè ïàð (x, y) íåñêîëüêî, ìîæíî ðàññìàòðèâàòü òîëüêî

ìàêñèìàëüíûå x è y.
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Íàèáîëüøàÿ îáùàÿ ïîäïîñëåäîâàòåëüíîñòü

bj 5 1 4 2 6 3 2

ai i \ j 0 1 2 3 4 5 6 7

0 0 0 0 0 0 0 0 0

1 1 0 0 1 0 0 0 0 0

2 2 0 0 0 0 2 0 0 2

4 3 0 0 0 2 0 0 0 0

6 4 0 0 0 0 0 3 0 0

3 5 0 0 0 0 0 0 4 0

Ïðèìåð:

a = (1, 2, 4, 6, 3), m = 5

b = (5, 1, 4, 2, 6, 3, 2), n = 7
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Íàèáîëüøàÿ îáùàÿ ïîäïîñëåäîâàòåëüíîñòü

bj 5 1 4 2 6 3 2

ai i \ j 0 1 2 3 4 5 6 7

0 0 0 0 0 0 0 0 0

1 1 0 0 1 0 0 0 0 0

2 2 0 0 0 0 2 0 0 2

4 3 0 0 0 2 0 0 0 0

6 4 0 0 0 0 0 3 0 0

3 5 0 0 0 0 0 0 4 0

f(i, j)�îòâåò äëÿ a1..i è b1..j ïðè óñëîâèè, ÷òî ai = bj

Áàçà: f(i, 0) = f(0, j) = 0

Îòâåò: max
i=0..m

max
j=0..n

f(i, j)

Àñèìïòîòèêà: O(m2n2) âðåìåíè, O(mn) ïàìÿòè
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Íàèáîëüøàÿ îáùàÿ ïîäïîñëåäîâàòåëüíîñòü

bj 5 1 4 2 6 3 2

ai i \ j 0 1 2 3 4 5 6 7

0 0 0 0 0 0 0 0 0

1 1 0 0 1 0 0 0 0 0

2 2 0 0 0 0 2 0 0 2

4 3 0 0 0 2 0 0 0 0

6 4 0 0 0 0 0 3 0 0

3 5 0 0 0 0 0 0 4 0

for i := 1, ..., m:

for j := 1, ..., n:

if a[i] = b[j]:

for u := 0, ..., i - 1:

for v := 0, ..., j - 1:

f[i][j] := max (f[i][j], f[u][v] + 1)

Èâàí Êàçìåíêî et al. (ÌÊÍ ÑÏáÃÓ) Äèíàìè÷åñêîå ïðîãðàììèðîâàíèå 15.10.2025 32 / 51



Äâóìåðíûå çàäà÷è Íàèáîëüøàÿ îáùàÿ ïîäïîñëåäîâàòåëüíîñòü

Íàèáîëüøàÿ îáùàÿ ïîäïîñëåäîâàòåëüíîñòü

bj 5 1 4 2 6 3 2

ai i \ j 0 1 2 3 4 5 6 7

0 0 0 0 0 0 0 0 0

1 1 0 0 1 1 1 1 1 1

2 2 0 0 1 1 2 2 2 2

4 3 0 0 1 2 2 2 2 2

6 4 0 0 1 2 2 3 3 3

3 5 0 0 1 2 2 3 4 4

Ïðèìåð:

a = (1, 2, 4, 6, 3), m = 5

b = (5, 1, 4, 2, 6, 3, 2), n = 7
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Íàèáîëüøàÿ îáùàÿ ïîäïîñëåäîâàòåëüíîñòü

bj 5 1 4 2 6 3 2

ai i \ j 0 1 2 3 4 5 6 7

0 0 0 0 0 0 0 0 0

1 1 0 0 1 1 1 1 1 1

2 2 0 0 1 1 2 2 2 2

4 3 0 0 1 2 2 2 2 2

6 4 0 0 1 2 2 3 3 3

3 5 0 0 1 2 2 3 4 4

g(i, j)�ëó÷øèé èç îòâåòîâ â ïðÿìîóãîëüíèêå [0..i]× [0..j]

Áàçà: g(i, 0) = g(0, j) = 0

Îòâåò: g(m,n)

Àñèìïòîòèêà: O(m2n2) âðåìåíè (???), O(mn) ïàìÿòè
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Íàèáîëüøàÿ îáùàÿ ïîäïîñëåäîâàòåëüíîñòü

bj 5 1 4 2 6 3 2

ai i \ j 0 1 2 3 4 5 6 7

0 0 0 0 0 0 0 0 0

1 1 0 0 1 1 1 1 1 1

2 2 0 0 1 1 2 2 2 2

4 3 0 0 1 2 2 2 2 2

6 4 0 0 1 2 2 3 3 3

3 5 0 0 1 2 2 3 4 4

g(i, j)�ëó÷øèé èç îòâåòîâ â ïðÿìîóãîëüíèêå [0..i]× [0..j]

Âñå ðåøåíèÿ, â êîòîðûõ ïîñëåäíåå ÷èñëî íå ÿâëÿåòñÿ

îäíîâðåìåííî ai è bj, óæå ó÷òåíû ëèáî â ïðÿìîóãîëüíèêå

[0..i]× [0..j − 1], ëèáî â ïðÿìîóãîëüíèêå [0..i− 1]× [0..j]

Àñèìïòîòèêà: O(mn) âðåìåíè, O(mn) ïàìÿòè
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Íàèáîëüøàÿ îáùàÿ ïîäïîñëåäîâàòåëüíîñòü

bj 5 1 4 2 6 3 2

ai i \ j 0 1 2 3 4 5 6 7

0 0 0 0 0 0 0 0 0

1 1 0 0 1 1 1 1 1 1

2 2 0 0 1 1 2 2 2 2

4 3 0 0 1 2 2 2 2 2

6 4 0 0 1 2 2 3 3 3

3 5 0 0 1 2 2 3 4 4

for i := 1, ..., m:

for j := 1, ..., n:

g[i][j] := max (g[i][j - 1], g[i - 1][j])

if a[i] = b[j]:

g[i][j] := max (g[i][j], g[i - 1][j - 1] + 1)
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Ñîäåðæàíèå

1 Îäíîìåðíûå çàäà÷è

×èñëà Ôèáîíà÷÷è

Ëåñòíèöà

Äèíàìèêà è èíäóêöèÿ

Àíòè-ëåñòíèöà

Êóçíå÷èê

Âîññòàíîâëåíèå îòâåòà

2 Äâóìåðíûå çàäà÷è

×èñëî ñî÷åòàíèé

Íàèáîëüøàÿ îáùàÿ ïîäïîñëåäîâàòåëüíîñòü

Ðåäàêöèîííîå ðàññòîÿíèå

Ñòðîêà è øàáëîí

Íàèáîëüøàÿ âîçðàñòàþùàÿ ïîäïîñëåäîâàòåëüíîñòü
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Ðåäàêöèîííîå ðàññòîÿíèå

Îïðåäåëåíèå:

Ðåäàêöèîííîå ðàññòîÿíèå (èëè ðàññòîÿíèå Ëåâåíøòåéíà)

d(s, t) ìåæäó äâóìÿ ñòðîêàìè s è t� ýòî ìèíèìàëüíîå

êîëè÷åñòâî äîáàâëåíèé, óäàëåíèé è çàìåí ñèìâîëîâ,

êîòîðûå íóæíî ñäåëàòü ñ s, ÷òîáû ïîëó÷èòü t.

Ïðèìåð:

d(gets,goat) = 3: gets
−s−−→ get

e→o−−−→ got
+a−−→ goat.

Äðóãîé ñïîñîá: gets
e→o−−−→ gots

t→a−−−→ goas
s→t−−−→ goat.

Ïîñòàíîâêà çàäà÷è:

Ïî äâóì äàííûì ñòðîêàì òðåáóåòñÿ íàéòè ðåäàêöèîííîå

ðàññòîÿíèå ìåæäó íèìè.

Çàìå÷àíèå:

Ñòðîêè s è t ðàâíîïðàâíû: ê êàæäîìó äåéñòâèþ åñòü

îáðàòíîå. Åñëè âûïîëíèòü îáðàòíûå äåéñòâèÿ â îáðàòíîì

ïîðÿäêå, èç t ïîëó÷èòñÿ s.
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Ðåäàêöèîííîå ðàññòîÿíèå

Ñâîäèì ê ñëåäóþùèì ïîäçàäà÷àì:

Äàíû ïðåôèêñû (íà÷àëà) ñòðîê s è t: s1..i (ïðåôèêñ ñòðîêè s

äëèíû i) è t1..j (ïðåôèêñ ñòðîêè t äëèíû j).

Íàéä¼ì ðåäàêöèîííîå ðàññòîÿíèå ìåæäó íèìè.

Ðåøåíèå ïîäçàäà÷è äëÿ s1..i è t1..j:

Åñëè si = tj, ïåðåéä¼ì ê ðåøåíèþ ïîäçàäà÷è äëÿ s1..i−1 è t1..j−1.

Â ïðîòèâíîì ñëó÷àå îïòèìàëüíàÿ ïîñëåäîâàòåëüíîñòü äåéñòâèé

íåïóñòà, è ëèáî ñ si, ëèáî ñ tj ñëó÷èëîñü õîòÿ áû îäíî äåéñòâèå.

Ðàññìîòðèì êàêîå-íèáóäü èç ýòèõ äåéñòâèé.

Åñëè ýòî óäàëåíèå, òî ýòî óäàëåíèå ñèìâîëà si. Äåëàåì åãî è

ïåðåõîäèì ê ïîäçàäà÷å äëÿ s1..i−1 è t1..j.

Åñëè ýòî äîáàâëåíèå, òî ýòî äîáàâëåíèå ñèìâîëà tj. Äåëàåì åãî è

ïåðåõîäèì ê ïîäçàäà÷å äëÿ s1..i è t1..j−1.

Åñëè ýòî çàìåíà, òî ýòî çàìåíà ñèìâîëà si íà ñèìâîë tj. Äåëàåì

å¼ è ïåðåõîäèì ê ïîäçàäà÷å äëÿ s1..i−1 è t1..j−1.
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Ðåäàêöèîííîå ðàññòîÿíèå

Ñâîäèì ê ñëåäóþùèì ïîäçàäà÷àì:

Äàíû ïðåôèêñû (íà÷àëà) ñòðîê s è t: s1..i (ïðåôèêñ ñòðîêè s

äëèíû i) è t1..j (ïðåôèêñ ñòðîêè t äëèíû j).

Íàéä¼ì ðåäàêöèîííîå ðàññòîÿíèå ìåæäó íèìè.

Ðåøåíèå ïîäçàäà÷è äëÿ s1..i è t1..j:

Åñëè si = tj, ïåðåéä¼ì ê ðåøåíèþ ïîäçàäà÷è äëÿ s1..i−1 è t1..j−1.

Â ïðîòèâíîì ñëó÷àå îïòèìàëüíàÿ ïîñëåäîâàòåëüíîñòü äåéñòâèé

íåïóñòà, è ëèáî ñ si, ëèáî ñ tj ñëó÷èëîñü õîòÿ áû îäíî äåéñòâèå.

Ðàññìîòðèì êàêîå-íèáóäü èç ýòèõ äåéñòâèé.

Åñëè ýòî óäàëåíèå, òî ýòî óäàëåíèå ñèìâîëà si. Äåëàåì åãî è

ïåðåõîäèì ê ïîäçàäà÷å äëÿ s1..i−1 è t1..j.

Åñëè ýòî äîáàâëåíèå, òî ýòî äîáàâëåíèå ñèìâîëà tj. Äåëàåì åãî è

ïåðåõîäèì ê ïîäçàäà÷å äëÿ s1..i è t1..j−1.

Åñëè ýòî çàìåíà, òî ýòî çàìåíà ñèìâîëà si íà ñèìâîë tj. Äåëàåì

å¼ è ïåðåõîäèì ê ïîäçàäà÷å äëÿ s1..i−1 è t1..j−1.
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Ðåäàêöèîííîå ðàññòîÿíèå

Ñâîäèì ê ñëåäóþùèì ïîäçàäà÷àì:

Äàíû ïðåôèêñû (íà÷àëà) ñòðîê s è t: s1..i (ïðåôèêñ ñòðîêè s

äëèíû i) è t1..j (ïðåôèêñ ñòðîêè t äëèíû j).

Íàéä¼ì ðåäàêöèîííîå ðàññòîÿíèå ìåæäó íèìè.

Ðåøåíèå ïîäçàäà÷è äëÿ s1..i è t1..j:

Åñëè si = tj, ïåðåéä¼ì ê ðåøåíèþ ïîäçàäà÷è äëÿ s1..i−1 è t1..j−1.

Â ïðîòèâíîì ñëó÷àå îïòèìàëüíàÿ ïîñëåäîâàòåëüíîñòü äåéñòâèé

íåïóñòà, è ëèáî ñ si, ëèáî ñ tj ñëó÷èëîñü õîòÿ áû îäíî äåéñòâèå.

Ðàññìîòðèì êàêîå-íèáóäü èç ýòèõ äåéñòâèé.

Åñëè ýòî óäàëåíèå, òî ýòî óäàëåíèå ñèìâîëà si. Äåëàåì åãî è

ïåðåõîäèì ê ïîäçàäà÷å äëÿ s1..i−1 è t1..j.

Åñëè ýòî äîáàâëåíèå, òî ýòî äîáàâëåíèå ñèìâîëà tj. Äåëàåì åãî è

ïåðåõîäèì ê ïîäçàäà÷å äëÿ s1..i è t1..j−1.

Åñëè ýòî çàìåíà, òî ýòî çàìåíà ñèìâîëà si íà ñèìâîë tj. Äåëàåì

å¼ è ïåðåõîäèì ê ïîäçàäà÷å äëÿ s1..i−1 è t1..j−1.
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Äâóìåðíûå çàäà÷è Ðåäàêöèîííîå ðàññòîÿíèå

Ðåäàêöèîííîå ðàññòîÿíèå

Ïðèìåð:

s = gets

t = goat

tj g o a t

si i \ j 0 1 2 3 4

0 0 1 2 3 4

g 1 1 0 1 2 3

e 2 2 1 1 2 3

t 3 3 2 2 2 2

s 4 4 3 3 3 3

Áàçà: d(i, 0) = i, d(0, j) = j

Îòâåò: d(m,n), ãäå m�äëèíà ñòðîêè s, à n�äëèíà ñòðîêè t

Àñèìïòîòèêà: O(mn) âðåìåíè, O(mn) ïàìÿòè
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Ðåäàêöèîííîå ðàññòîÿíèå

Ïðèìåð:

s = gets

t = goat

tj g o a t

si i \ j 0 1 2 3 4

0 0 1 2 3 4

g 1 1 0 1 2 3

e 2 2 1 1 2 3

t 3 3 2 2 2 2

s 4 4 3 3 3 3
Ïñåâäîêîä:

for i := 1, ..., m:

for j := 1, ..., n:

if s[i] = t[j]:

d[i][j] := d[i - 1][j - 1]

else:

d[i][j] := 1 + min (d[i - 1][j ],

d[i - 1][j - 1],

d[i ][j - 1])
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Äâóìåðíûå çàäà÷è Ñòðîêà è øàáëîí

Ñîäåðæàíèå

1 Îäíîìåðíûå çàäà÷è

×èñëà Ôèáîíà÷÷è

Ëåñòíèöà

Äèíàìèêà è èíäóêöèÿ

Àíòè-ëåñòíèöà

Êóçíå÷èê

Âîññòàíîâëåíèå îòâåòà

2 Äâóìåðíûå çàäà÷è

×èñëî ñî÷åòàíèé

Íàèáîëüøàÿ îáùàÿ ïîäïîñëåäîâàòåëüíîñòü

Ðåäàêöèîííîå ðàññòîÿíèå

Ñòðîêà è øàáëîí

Íàèáîëüøàÿ âîçðàñòàþùàÿ ïîäïîñëåäîâàòåëüíîñòü
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Äâóìåðíûå çàäà÷è Ñòðîêà è øàáëîí

Ñòðîêà è øàáëîí

Îïðåäåëåíèÿ:

Øàáëîí� ýòî ñòðîêà, êîòîðàÿ ìîæåò ñîäåðæàòü

ñïåöèàëüíûå ñèìâîëû `?' è `*'.

Îáû÷íîìó ñèìâîëó øàáëîíà ìîæíî ïîñòàâèòü â

ñîîòâåòñòâèå ðîâíî îäèí òàêîé æå ñèìâîë ñòðîêè.

Ñïåöèàëüíîìó ñèìâîëó `?' ìîæíî ïîñòàâèòü â

ñîîòâåòñòâèå ðîâíî îäèí ëþáîé ñèìâîë ñòðîêè.

Ñïåöèàëüíîìó ñèìâîëó `*' ìîæíî ïîñòàâèòü â

ñîîòâåòñòâèå ëþáóþ (â òîì ÷èñëå è ïóñòóþ)

ïîñëåäîâàòåëüíîñòü ëþáûõ ñèìâîëîâ ñòðîêè.

Ñòðîêà s äëèíû m ñîîòâåòñòâóåò øàáëîíó p äëèíû n, åñëè

îíà ðàçáèâàåòñÿ íà n ÷àñòåé òàê, ÷òî i-ÿ ÷àñòü ñòðîêè

ñîîòâåòñòâóåò i-ìó ñèìâîëó øàáëîíà.
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Äâóìåðíûå çàäà÷è Ñòðîêà è øàáëîí

Ñòðîêà è øàáëîí

Ïîñòàíîâêà çàäà÷è:

Ïî äàííûì s è p íóæíî îïðåäåëèòü, ñîîòâåòñòâóåò ëè

ñòðîêà s øàáëîíó p.

Ïðèìåð:

s = button, p = ?u*t*n

Ñîîòâåòñòâèå:
b u t t o n

? u * t * n

Äðóãîé ñïîñîá:

b u t to n

? u * t * n
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Äâóìåðíûå çàäà÷è Ñòðîêà è øàáëîí

Ñòðîêà è øàáëîí

Ñâîäèì ê ñëåäóþùèì ïîäçàäà÷àì:

Äàíû ïðåôèêñû (íà÷àëà) ñòðîêè s è øàáëîíà t: s1..i
(ïðåôèêñ ñòðîêè s äëèíû i) è p1..j (ïðåôèêñ øàáëîíà p

äëèíû j).

Âûÿñíèì, åñòü ëè ìåæäó íèìè ñîîòâåòñòâèå.

Ðåøåíèå ïîäçàäà÷è äëÿ s1..i è p1..j:

Åñëè pj �îáû÷íûé ñèìâîë, ñðàâíèì åãî ñ si è â ñëó÷àå ðàâåíñòâà

ïåðåéä¼ì ê ðåøåíèþ ïîäçàäà÷è äëÿ s1..i−1 è p1..j−1.

Åñëè pj = ?, ïåðåéä¼ì ê ðåøåíèþ ïîäçàäà÷è äëÿ s1..i−1 è p1..j−1.

Åñëè pj = *, ñîîòâåòñòâèå åñòü òîãäà è òîëüêî òîãäà, êîãäà

ñîîòâåòñòâèå åñòü õîòÿ áû â îäíîé èç ïîäçàäà÷ äëÿ s1..k è p1..j−1

ïðè 0 ⩽ k ⩽ i.

Çàìå÷àíèå:

×òîáû áàçà áûëà ïðîñòîé, äîïèøåì ê îáåèì ñòðîêàì ñïåðåäè

îäèíàêîâûé ñïåöèàëüíûé ñèìâîë, íàïðèìåð, #.
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Äâóìåðíûå çàäà÷è Ñòðîêà è øàáëîí

Ñòðîêà è øàáëîí

Ñâîäèì ê ñëåäóþùèì ïîäçàäà÷àì:

Äàíû ïðåôèêñû (íà÷àëà) ñòðîêè s è øàáëîíà t: s1..i
(ïðåôèêñ ñòðîêè s äëèíû i) è p1..j (ïðåôèêñ øàáëîíà p

äëèíû j).

Âûÿñíèì, åñòü ëè ìåæäó íèìè ñîîòâåòñòâèå.

Ðåøåíèå ïîäçàäà÷è äëÿ s1..i è p1..j:

Åñëè pj �îáû÷íûé ñèìâîë, ñðàâíèì åãî ñ si è â ñëó÷àå ðàâåíñòâà

ïåðåéä¼ì ê ðåøåíèþ ïîäçàäà÷è äëÿ s1..i−1 è p1..j−1.

Åñëè pj = ?, ïåðåéä¼ì ê ðåøåíèþ ïîäçàäà÷è äëÿ s1..i−1 è p1..j−1.

Åñëè pj = *, ñîîòâåòñòâèå åñòü òîãäà è òîëüêî òîãäà, êîãäà

ñîîòâåòñòâèå åñòü õîòÿ áû â îäíîé èç ïîäçàäà÷ äëÿ s1..k è p1..j−1

ïðè 0 ⩽ k ⩽ i.

Çàìå÷àíèå:

×òîáû áàçà áûëà ïðîñòîé, äîïèøåì ê îáåèì ñòðîêàì ñïåðåäè

îäèíàêîâûé ñïåöèàëüíûé ñèìâîë, íàïðèìåð, #.
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Äâóìåðíûå çàäà÷è Ñòðîêà è øàáëîí

Ñòðîêà è øàáëîí

si # b u t t o n

pj j \ i 1 2 3 4 5 6 7

# 1 1 0 0 0 0 0 0

? 2 0 1 0 0 0 0 0

u 3 0 0 1 0 0 0 0

* 4 0 0 1 1 1 1 1

t 5 0 0 0 1 1 0 0

* 6 0 0 0 1 1 1 1

n 7 0 0 0 0 0 0 1

Áàçà: f(0, 0) = 1, f(i, 0) = 0 ïðè i > 0, f(0, j) = 0 ïðè j > 0

Îòâåò: f(m,n)

Àñèìïòîòèêà: O(m2n) âðåìåíè (???), O(mn) ïàìÿòè
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Äâóìåðíûå çàäà÷è Ñòðîêà è øàáëîí

Ñòðîêà è øàáëîí

Ïñåâäîêîä:

for i := 1, ..., m:

for j := 1, ..., n:

if p[j] = '*':
f[i][j] := 0

for k := 0, ..., i:

f[i][j] := f[i][j] or f[k][j - 1]

else if p[j] = '?':
f[i][j] := f[i - 1][j - 1]

else:

f[i][j] := f[i - 1][j - 1] and (s[i] = p[j])

Áàçà: f(0, 0) = 1, f(i, 0) = 0 ïðè i > 0, f(0, j) = 0 ïðè j > 0

Îòâåò: f(m,n)

Àñèìïòîòèêà: O(m2n) âðåìåíè (???), O(mn) ïàìÿòè
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Äâóìåðíûå çàäà÷è Ñòðîêà è øàáëîí

Ñòðîêà è øàáëîí

si # b u t t o n

pj j \ i 1 2 3 4 5 6 7

# 1 1 0 0 0 0 0 0

? 2 0 1 0 0 0 0 0

u 3 0 0 1 0 0 0 0

* 4 0 0 1 1 1 1 1

t 5 0 0 0 1 1 0 0

* 6 0 0 0 1 1 1 1

n 7 0 0 0 0 0 0 1

Ïðè pj = *:

f(i, j) = f(0, j − 1) ∨ . . . ∨ f(i− 1, j − 1) ∨ f(i, j − 1)

f(i− 1, j) = f(0, j − 1) ∨ . . . ∨ f(i− 1, j − 1)

Çíà÷èò, f(i, j) = f(i− 1, j) ∨ f(i, j − 1)
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Äâóìåðíûå çàäà÷è Ñòðîêà è øàáëîí

Ñòðîêà è øàáëîí

Ïñåâäîêîä:

for i := 1, ..., m:

for j := 1, ..., n:

if p[j] = '*':
f[i][j] := f[i - 1][j] or f[i][j - 1]

else if p[j] = '?':
f[i][j] := f[i - 1][j - 1]

else:

f[i][j] := f[i - 1][j - 1] and (s[i] = p[j])

Áàçà: f(0, 0) = 1, f(i, 0) = 0 ïðè i > 0, f(0, j) = 0 ïðè j > 0

Îòâåò: f(m,n)

Àñèìïòîòèêà: O(mn) âðåìåíè, O(mn) ïàìÿòè

Èâàí Êàçìåíêî et al. (ÌÊÍ ÑÏáÃÓ) Äèíàìè÷åñêîå ïðîãðàììèðîâàíèå 15.10.2025 42 / 51



Äâóìåðíûå çàäà÷è Íàèáîëüøàÿ âîçðàñòàþùàÿ ïîäïîñëåäîâàòåëüíîñòü

Ñîäåðæàíèå

1 Îäíîìåðíûå çàäà÷è

×èñëà Ôèáîíà÷÷è

Ëåñòíèöà

Äèíàìèêà è èíäóêöèÿ

Àíòè-ëåñòíèöà

Êóçíå÷èê

Âîññòàíîâëåíèå îòâåòà

2 Äâóìåðíûå çàäà÷è

×èñëî ñî÷åòàíèé

Íàèáîëüøàÿ îáùàÿ ïîäïîñëåäîâàòåëüíîñòü

Ðåäàêöèîííîå ðàññòîÿíèå

Ñòðîêà è øàáëîí

Íàèáîëüøàÿ âîçðàñòàþùàÿ ïîäïîñëåäîâàòåëüíîñòü
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Äâóìåðíûå çàäà÷è Íàèáîëüøàÿ âîçðàñòàþùàÿ ïîäïîñëåäîâàòåëüíîñòü

Íàèáîëüøàÿ âîçðàñòàþùàÿ ïîäïîñëåäîâàòåëüíîñòü

Îïðåäåëåíèÿ:

Ïîäïîñëåäîâàòåëüíîñòü ïîñëåäîâàòåëüíîñòè a1, a2, . . . , an
(áóäåì îáîçíà÷àòü êàê a1..n) � ýòî ïîñëåäîâàòåëüíîñòü

ai1 , ai2 , . . . , aik äëÿ èíäåêñîâ 1 ⩽ i1 < i2 < . . . < ik ⩽ n.

Ïîäïîñëåäîâàòåëüíîñòü äëèíû k, äëÿ êîòîðîé âûïîëíåíî

ai1 < ai2 < . . . < aik , íàçûâàåòñÿ âîçðàñòàþùåé.

Ïîñòàíîâêà çàäà÷è:

Åñòü ïîñëåäîâàòåëüíîñòü a1..n.

Òðåáóåòñÿ íàéòè å¼ âîçðàñòàþùóþ ïîäïîñëåäîâàòåëüíîñòü

ìàêñèìàëüíîé äëèíû.

Èç ÷åãî èìåííî ñîñòîèò ïîñëåäîâàòåëüíîñòü� íå âàæíî.

Ìû áóäåì ðàññìàòðèâàòü ïîñëåäîâàòåëüíîñòü öåëûõ ÷èñåë.
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Äâóìåðíûå çàäà÷è Íàèáîëüøàÿ âîçðàñòàþùàÿ ïîäïîñëåäîâàòåëüíîñòü

Íàèáîëüøàÿ âîçðàñòàþùàÿ ïîäïîñëåäîâàòåëüíîñòü

Ïðèìåð:

a = (3, 6, 1, 9, 7, 2, 4, 8, 5), n = 9.
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Äâóìåðíûå çàäà÷è Íàèáîëüøàÿ âîçðàñòàþùàÿ ïîäïîñëåäîâàòåëüíîñòü

Íàèáîëüøàÿ âîçðàñòàþùàÿ ïîäïîñëåäîâàòåëüíîñòü

Ïðèìåð:

a = (3, 6, 1, 9, 7, 2, 4, 8, 5), n = 9.

Íàèáîëüøàÿ âîçðàñòàþùàÿ ïîäïîñëåäîâàòåëüíîñòü:

p = (1, 2, 4, 5), å¼ äëèíà ðàâíà 4.
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Äâóìåðíûå çàäà÷è Íàèáîëüøàÿ âîçðàñòàþùàÿ ïîäïîñëåäîâàòåëüíîñòü

Íàèáîëüøàÿ âîçðàñòàþùàÿ ïîäïîñëåäîâàòåëüíîñòü

Ïðèìåð:

a = (3, 6, 1, 9, 7, 2, 4, 8, 5), n = 9.

Íàèáîëüøàÿ âîçðàñòàþùàÿ ïîäïîñëåäîâàòåëüíîñòü:

p = (1, 2, 4, 5), å¼ äëèíà ðàâíà 4.

Äðóãîé îïòèìàëüíûé îòâåò:

q = (3, 6, 7, 8), å¼ äëèíà òàêæå ðàâíà 4.
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Äâóìåðíûå çàäà÷è Íàèáîëüøàÿ âîçðàñòàþùàÿ ïîäïîñëåäîâàòåëüíîñòü

Íàèáîëüøàÿ âîçðàñòàþùàÿ ïîäïîñëåäîâàòåëüíîñòü

Ïðèìåð:

a = (3, 6, 1, 9, 7, 2, 4, 8, 5), n = 9.

Íàèáîëüøàÿ âîçðàñòàþùàÿ ïîäïîñëåäîâàòåëüíîñòü:

p = (1, 2, 4, 5), å¼ äëèíà ðàâíà 4.

Äðóãîé îïòèìàëüíûé îòâåò:

q = (3, 6, 7, 8), å¼ äëèíà òàêæå ðàâíà 4.

Åù¼ îäèí îïòèìàëüíûé îòâåò:

r = (1, 2, 4, 8), å¼ äëèíà òàêæå ðàâíà 4.
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Äâóìåðíûå çàäà÷è Íàèáîëüøàÿ âîçðàñòàþùàÿ ïîäïîñëåäîâàòåëüíîñòü

Íàèáîëüøàÿ âîçðàñòàþùàÿ ïîäïîñëåäîâàòåëüíîñòü

Ïîäçàäà÷è:

Áóäåì ðåøàòü çàäà÷ó íà ïðåôèêñàõ ïîñëåäîâàòåëüíîñòè.

Âûïèøåì âñå âîçðàñòàþùèå ïîäïîñëåäîâàòåëüíîñòè:
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Äâóìåðíûå çàäà÷è Íàèáîëüøàÿ âîçðàñòàþùàÿ ïîäïîñëåäîâàòåëüíîñòü

Íàèáîëüøàÿ âîçðàñòàþùàÿ ïîäïîñëåäîâàòåëüíîñòü

Ïîäçàäà÷è:

Áóäåì ðåøàòü çàäà÷ó íà ïðåôèêñàõ ïîñëåäîâàòåëüíîñòè.

Âûïèøåì âñå âîçðàñòàþùèå ïîäïîñëåäîâàòåëüíîñòè:

a = (3), n = 1: 3.
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Äâóìåðíûå çàäà÷è Íàèáîëüøàÿ âîçðàñòàþùàÿ ïîäïîñëåäîâàòåëüíîñòü

Íàèáîëüøàÿ âîçðàñòàþùàÿ ïîäïîñëåäîâàòåëüíîñòü

Ïîäçàäà÷è:

Áóäåì ðåøàòü çàäà÷ó íà ïðåôèêñàõ ïîñëåäîâàòåëüíîñòè.

Âûïèøåì âñå âîçðàñòàþùèå ïîäïîñëåäîâàòåëüíîñòè:

a = (3), n = 1: 3.

a = (3, 6), n = 2: 3, 6; 36.
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Äâóìåðíûå çàäà÷è Íàèáîëüøàÿ âîçðàñòàþùàÿ ïîäïîñëåäîâàòåëüíîñòü

Íàèáîëüøàÿ âîçðàñòàþùàÿ ïîäïîñëåäîâàòåëüíîñòü

Ïîäçàäà÷è:

Áóäåì ðåøàòü çàäà÷ó íà ïðåôèêñàõ ïîñëåäîâàòåëüíîñòè.

Âûïèøåì âñå âîçðàñòàþùèå ïîäïîñëåäîâàòåëüíîñòè:

a = (3), n = 1: 3.

a = (3, 6), n = 2: 3, 6; 36.

a = (3, 6, 1), n = 3: 1, 3, 6; 36.
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Äâóìåðíûå çàäà÷è Íàèáîëüøàÿ âîçðàñòàþùàÿ ïîäïîñëåäîâàòåëüíîñòü

Íàèáîëüøàÿ âîçðàñòàþùàÿ ïîäïîñëåäîâàòåëüíîñòü

Ïîäçàäà÷è:

Áóäåì ðåøàòü çàäà÷ó íà ïðåôèêñàõ ïîñëåäîâàòåëüíîñòè.

Âûïèøåì âñå âîçðàñòàþùèå ïîäïîñëåäîâàòåëüíîñòè:

a = (3), n = 1: 3.

a = (3, 6), n = 2: 3, 6; 36.

a = (3, 6, 1), n = 3: 1, 3, 6; 36.

a = (3, 6, 1, 9), n = 4: 1, 3, 6, 9; 36, 19, 39, 69; 369.
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Äâóìåðíûå çàäà÷è Íàèáîëüøàÿ âîçðàñòàþùàÿ ïîäïîñëåäîâàòåëüíîñòü

Íàèáîëüøàÿ âîçðàñòàþùàÿ ïîäïîñëåäîâàòåëüíîñòü

Ïîäçàäà÷è:

Áóäåì ðåøàòü çàäà÷ó íà ïðåôèêñàõ ïîñëåäîâàòåëüíîñòè.

Âûïèøåì âñå âîçðàñòàþùèå ïîäïîñëåäîâàòåëüíîñòè:

a = (3), n = 1: 3.

a = (3, 6), n = 2: 3, 6; 36.

a = (3, 6, 1), n = 3: 1, 3, 6; 36.

a = (3, 6, 1, 9), n = 4: 1, 3, 6, 9; 36, 19, 39, 69; 369.

a = (3, 6, 1, 9, 7), n = 5: 1, 3, 6, 7, 9; 36, 17, 37, 67, 19, 39, 69;

367, 369.
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Äâóìåðíûå çàäà÷è Íàèáîëüøàÿ âîçðàñòàþùàÿ ïîäïîñëåäîâàòåëüíîñòü

Íàèáîëüøàÿ âîçðàñòàþùàÿ ïîäïîñëåäîâàòåëüíîñòü

Ïîäçàäà÷è:

Áóäåì ðåøàòü çàäà÷ó íà ïðåôèêñàõ ïîñëåäîâàòåëüíîñòè.

Âûïèøåì âñå âîçðàñòàþùèå ïîäïîñëåäîâàòåëüíîñòè:

a = (3), n = 1: 3.

a = (3, 6), n = 2: 3, 6; 36.

a = (3, 6, 1), n = 3: 1, 3, 6; 36.

a = (3, 6, 1, 9), n = 4: 1, 3, 6, 9; 36, 19, 39, 69; 369.

a = (3, 6, 1, 9, 7), n = 5: 1, 3, 6, 7, 9; 36, 17, 37, 67, 19, 39, 69;

367, 369.

a = (3, 6, 1, 9, 7, 2), n = 6: 1, 2, 3, 6, 7, 9; 12, 36, 17, 37, 67, 19,

39, 69; 367, 369.
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Äâóìåðíûå çàäà÷è Íàèáîëüøàÿ âîçðàñòàþùàÿ ïîäïîñëåäîâàòåëüíîñòü

Íàèáîëüøàÿ âîçðàñòàþùàÿ ïîäïîñëåäîâàòåëüíîñòü

Ïîäçàäà÷è:

Áóäåì ðåøàòü çàäà÷ó íà ïðåôèêñàõ ïîñëåäîâàòåëüíîñòè.

Âûïèøåì âñå âîçðàñòàþùèå ïîäïîñëåäîâàòåëüíîñòè:

a = (3), n = 1: 3.

a = (3, 6), n = 2: 3, 6; 36.

a = (3, 6, 1), n = 3: 1, 3, 6; 36.

a = (3, 6, 1, 9), n = 4: 1, 3, 6, 9; 36, 19, 39, 69; 369.

a = (3, 6, 1, 9, 7), n = 5: 1, 3, 6, 7, 9; 36, 17, 37, 67, 19, 39, 69;

367, 369.

a = (3, 6, 1, 9, 7, 2), n = 6: 1, 2, 3, 6, 7, 9; 12, 36, 17, 37, 67, 19,

39, 69; 367, 369.

a = (3, 6, 1, 9, 7, 2, 4), n = 7: 1, 2, 3, 4, 6, 7, 9; 12, 14, 24, 34,

36, 17, 37, 67, 19, 39, 69; 124, 367, 369.
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Äâóìåðíûå çàäà÷è Íàèáîëüøàÿ âîçðàñòàþùàÿ ïîäïîñëåäîâàòåëüíîñòü

Íàèáîëüøàÿ âîçðàñòàþùàÿ ïîäïîñëåäîâàòåëüíîñòü

Ïîäçàäà÷è:

Áóäåì ðåøàòü çàäà÷ó íà ïðåôèêñàõ ïîñëåäîâàòåëüíîñòè.

Âûïèøåì âñå âîçðàñòàþùèå ïîäïîñëåäîâàòåëüíîñòè:

a = (3, 6, 1, 9, 7, 2, 4, 8), n = 8:

1, 2, 3, 4, 6, 7, 8, 9;

12, 14, 24, 34, 36, 17, 37, 67, 18, 28, 38, 48, 68, 78, 19, 39, 69;

124, 367, 128, 148, 248, 348, 368, 178, 378, 678, 369;

1248, 3678.
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Äâóìåðíûå çàäà÷è Íàèáîëüøàÿ âîçðàñòàþùàÿ ïîäïîñëåäîâàòåëüíîñòü

Íàèáîëüøàÿ âîçðàñòàþùàÿ ïîäïîñëåäîâàòåëüíîñòü

Ïîäçàäà÷è:

Áóäåì ðåøàòü çàäà÷ó íà ïðåôèêñàõ ïîñëåäîâàòåëüíîñòè.

Âûïèøåì âñå âîçðàñòàþùèå ïîäïîñëåäîâàòåëüíîñòè:

a = (3, 6, 1, 9, 7, 2, 4, 8), n = 8:

1, 2, 3, 4, 6, 7, 8, 9;

12, 14, 24, 34, 36, 17, 37, 67, 18, 28, 38, 48, 68, 78, 19, 39, 69;

124, 367, 128, 148, 248, 348, 368, 178, 378, 678, 369;

1248, 3678.

a = (3, 6, 1, 9, 7, 2, 4, 8, 5), n = 9:

1, 2, 3, 4, 5, 6, 7, 8, 9;

12, 14, 24, 34, 15, 25, 35, 45, 36, 17, 37, 67, 18, 28, 38, 48, 68,

78, 19, 39, 69;

124, 125, 145, 245, 345, 367, 128, 148, 248, 348, 368, 178, 378,

678, 369;

1245, 1248, 3678.
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Íàèáîëüøàÿ âîçðàñòàþùàÿ ïîäïîñëåäîâàòåëüíîñòü

Íàáëþäåíèå 1:

×òî íóæíî ïîìíèòü ïðî âîçðàñòàþùóþ

ïîäïîñëåäîâàòåëüíîñòü, ÷òîáû äîñòðàèâàòü å¼ ñïðàâà?

Òîëüêî ïîñëåäíèé ýëåìåíò.
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Íàèáîëüøàÿ âîçðàñòàþùàÿ ïîäïîñëåäîâàòåëüíîñòü

Íàáëþäåíèå 1:

×òî íóæíî ïîìíèòü ïðî âîçðàñòàþùóþ

ïîäïîñëåäîâàòåëüíîñòü, ÷òîáû äîñòðàèâàòü å¼ ñïðàâà?

Òîëüêî ïîñëåäíèé ýëåìåíò.

a = (3), n = 1: 3.
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Íàèáîëüøàÿ âîçðàñòàþùàÿ ïîäïîñëåäîâàòåëüíîñòü

Íàáëþäåíèå 1:

×òî íóæíî ïîìíèòü ïðî âîçðàñòàþùóþ

ïîäïîñëåäîâàòåëüíîñòü, ÷òîáû äîñòðàèâàòü å¼ ñïðàâà?

Òîëüêî ïîñëåäíèé ýëåìåíò.

a = (3), n = 1: 3.

a = (3, 6), n = 2: 3, 6; ?6.
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Íàèáîëüøàÿ âîçðàñòàþùàÿ ïîäïîñëåäîâàòåëüíîñòü

Íàáëþäåíèå 1:

×òî íóæíî ïîìíèòü ïðî âîçðàñòàþùóþ

ïîäïîñëåäîâàòåëüíîñòü, ÷òîáû äîñòðàèâàòü å¼ ñïðàâà?

Òîëüêî ïîñëåäíèé ýëåìåíò.

a = (3), n = 1: 3.

a = (3, 6), n = 2: 3, 6; ?6.

a = (3, 6, 1), n = 3: 1, 3, 6; ?6.

Èâàí Êàçìåíêî et al. (ÌÊÍ ÑÏáÃÓ) Äèíàìè÷åñêîå ïðîãðàììèðîâàíèå 15.10.2025 47 / 51



Äâóìåðíûå çàäà÷è Íàèáîëüøàÿ âîçðàñòàþùàÿ ïîäïîñëåäîâàòåëüíîñòü

Íàèáîëüøàÿ âîçðàñòàþùàÿ ïîäïîñëåäîâàòåëüíîñòü

Íàáëþäåíèå 1:

×òî íóæíî ïîìíèòü ïðî âîçðàñòàþùóþ

ïîäïîñëåäîâàòåëüíîñòü, ÷òîáû äîñòðàèâàòü å¼ ñïðàâà?

Òîëüêî ïîñëåäíèé ýëåìåíò.

a = (3), n = 1: 3.

a = (3, 6), n = 2: 3, 6; ?6.

a = (3, 6, 1), n = 3: 1, 3, 6; ?6.

a = (3, 6, 1, 9), n = 4: 1, 3, 6, 9; ?6, ?9; ??9.
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Íàèáîëüøàÿ âîçðàñòàþùàÿ ïîäïîñëåäîâàòåëüíîñòü

Íàáëþäåíèå 1:

×òî íóæíî ïîìíèòü ïðî âîçðàñòàþùóþ

ïîäïîñëåäîâàòåëüíîñòü, ÷òîáû äîñòðàèâàòü å¼ ñïðàâà?

Òîëüêî ïîñëåäíèé ýëåìåíò.

a = (3), n = 1: 3.

a = (3, 6), n = 2: 3, 6; ?6.

a = (3, 6, 1), n = 3: 1, 3, 6; ?6.

a = (3, 6, 1, 9), n = 4: 1, 3, 6, 9; ?6, ?9; ??9.

a = (3, 6, 1, 9, 7), n = 5: 1, 3, 6, 7, 9; ?6, ?7, ?9; ??7, ??9.
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Íàèáîëüøàÿ âîçðàñòàþùàÿ ïîäïîñëåäîâàòåëüíîñòü

Íàáëþäåíèå 1:

×òî íóæíî ïîìíèòü ïðî âîçðàñòàþùóþ

ïîäïîñëåäîâàòåëüíîñòü, ÷òîáû äîñòðàèâàòü å¼ ñïðàâà?

Òîëüêî ïîñëåäíèé ýëåìåíò.

a = (3), n = 1: 3.

a = (3, 6), n = 2: 3, 6; ?6.

a = (3, 6, 1), n = 3: 1, 3, 6; ?6.

a = (3, 6, 1, 9), n = 4: 1, 3, 6, 9; ?6, ?9; ??9.

a = (3, 6, 1, 9, 7), n = 5: 1, 3, 6, 7, 9; ?6, ?7, ?9; ??7, ??9.

a = (3, 6, 1, 9, 7, 2), n = 6: 1, 2, 3, 6, 7, 9; ?2, ?6, ?7, ?9; ??7,
??9.
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Íàèáîëüøàÿ âîçðàñòàþùàÿ ïîäïîñëåäîâàòåëüíîñòü

Íàáëþäåíèå 1:

×òî íóæíî ïîìíèòü ïðî âîçðàñòàþùóþ

ïîäïîñëåäîâàòåëüíîñòü, ÷òîáû äîñòðàèâàòü å¼ ñïðàâà?

Òîëüêî ïîñëåäíèé ýëåìåíò.

a = (3), n = 1: 3.

a = (3, 6), n = 2: 3, 6; ?6.

a = (3, 6, 1), n = 3: 1, 3, 6; ?6.

a = (3, 6, 1, 9), n = 4: 1, 3, 6, 9; ?6, ?9; ??9.

a = (3, 6, 1, 9, 7), n = 5: 1, 3, 6, 7, 9; ?6, ?7, ?9; ??7, ??9.

a = (3, 6, 1, 9, 7, 2), n = 6: 1, 2, 3, 6, 7, 9; ?2, ?6, ?7, ?9; ??7,
??9.

a = (3, 6, 1, 9, 7, 2, 4), n = 7: 1, 2, 3, 4, 6, 7, 9; ?2, ?4, ?6, ?7,
?9; ??4, ??7, ??9.
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Íàèáîëüøàÿ âîçðàñòàþùàÿ ïîäïîñëåäîâàòåëüíîñòü

Íàáëþäåíèå 1:

×òî íóæíî ïîìíèòü ïðî âîçðàñòàþùóþ

ïîäïîñëåäîâàòåëüíîñòü, ÷òîáû äîñòðàèâàòü å¼ ñïðàâà?

Òîëüêî ïîñëåäíèé ýëåìåíò.

a = (3, 6, 1, 9, 7, 2, 4, 8), n = 8:

1, 2, 3, 4, 6, 7, 8, 9;

?2, ?4, ?6, ?7, ?8, ?9;
??4, ??7, ??8, ??9;
???8.
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Íàèáîëüøàÿ âîçðàñòàþùàÿ ïîäïîñëåäîâàòåëüíîñòü

Íàáëþäåíèå 1:

×òî íóæíî ïîìíèòü ïðî âîçðàñòàþùóþ

ïîäïîñëåäîâàòåëüíîñòü, ÷òîáû äîñòðàèâàòü å¼ ñïðàâà?

Òîëüêî ïîñëåäíèé ýëåìåíò.

a = (3, 6, 1, 9, 7, 2, 4, 8), n = 8:

1, 2, 3, 4, 6, 7, 8, 9;

?2, ?4, ?6, ?7, ?8, ?9;
??4, ??7, ??8, ??9;
???8.

a = (3, 6, 1, 9, 7, 2, 4, 8, 5), n = 9:

1, 2, 3, 4, 5, 6, 7, 8, 9;

?2, ?4, ?5, ?6, ?7, ?8, ?9;
??4, ??5, ??7, ??8, ??9;
???5, ???8.
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Äâóìåðíûå çàäà÷è Íàèáîëüøàÿ âîçðàñòàþùàÿ ïîäïîñëåäîâàòåëüíîñòü

Íàèáîëüøàÿ âîçðàñòàþùàÿ ïîäïîñëåäîâàòåëüíîñòü

Íàáëþäåíèå 2:

×åì ìåíüøå ïîñëåäíåå ÷èñëî, òåì áîëüøå âîçìîæíîñòåé

äîñòðîèòü ïîäïîñëåäîâàòåëüíîñòü ñïðàâà.

Çíà÷èò, äîñòàòî÷íî ïîìíèòü ìèíèìàëüíîå òàêîå ÷èñëî.
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Íàèáîëüøàÿ âîçðàñòàþùàÿ ïîäïîñëåäîâàòåëüíîñòü

Íàáëþäåíèå 2:

×åì ìåíüøå ïîñëåäíåå ÷èñëî, òåì áîëüøå âîçìîæíîñòåé

äîñòðîèòü ïîäïîñëåäîâàòåëüíîñòü ñïðàâà.

Çíà÷èò, äîñòàòî÷íî ïîìíèòü ìèíèìàëüíîå òàêîå ÷èñëî.

a = (3), n = 1: 3.
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Íàèáîëüøàÿ âîçðàñòàþùàÿ ïîäïîñëåäîâàòåëüíîñòü

Íàáëþäåíèå 2:

×åì ìåíüøå ïîñëåäíåå ÷èñëî, òåì áîëüøå âîçìîæíîñòåé

äîñòðîèòü ïîäïîñëåäîâàòåëüíîñòü ñïðàâà.

Çíà÷èò, äîñòàòî÷íî ïîìíèòü ìèíèìàëüíîå òàêîå ÷èñëî.

a = (3), n = 1: 3.

a = (3, 6), n = 2: 3, ?6.
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Íàèáîëüøàÿ âîçðàñòàþùàÿ ïîäïîñëåäîâàòåëüíîñòü

Íàáëþäåíèå 2:

×åì ìåíüøå ïîñëåäíåå ÷èñëî, òåì áîëüøå âîçìîæíîñòåé

äîñòðîèòü ïîäïîñëåäîâàòåëüíîñòü ñïðàâà.

Çíà÷èò, äîñòàòî÷íî ïîìíèòü ìèíèìàëüíîå òàêîå ÷èñëî.

a = (3), n = 1: 3.

a = (3, 6), n = 2: 3, ?6.

a = (3, 6, 1), n = 3: 1, ?6.
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Íàèáîëüøàÿ âîçðàñòàþùàÿ ïîäïîñëåäîâàòåëüíîñòü

Íàáëþäåíèå 2:

×åì ìåíüøå ïîñëåäíåå ÷èñëî, òåì áîëüøå âîçìîæíîñòåé

äîñòðîèòü ïîäïîñëåäîâàòåëüíîñòü ñïðàâà.

Çíà÷èò, äîñòàòî÷íî ïîìíèòü ìèíèìàëüíîå òàêîå ÷èñëî.

a = (3), n = 1: 3.

a = (3, 6), n = 2: 3, ?6.

a = (3, 6, 1), n = 3: 1, ?6.

a = (3, 6, 1, 9), n = 4: 1, ?6, ??9.
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Íàèáîëüøàÿ âîçðàñòàþùàÿ ïîäïîñëåäîâàòåëüíîñòü

Íàáëþäåíèå 2:

×åì ìåíüøå ïîñëåäíåå ÷èñëî, òåì áîëüøå âîçìîæíîñòåé

äîñòðîèòü ïîäïîñëåäîâàòåëüíîñòü ñïðàâà.

Çíà÷èò, äîñòàòî÷íî ïîìíèòü ìèíèìàëüíîå òàêîå ÷èñëî.

a = (3), n = 1: 3.

a = (3, 6), n = 2: 3, ?6.

a = (3, 6, 1), n = 3: 1, ?6.

a = (3, 6, 1, 9), n = 4: 1, ?6, ??9.

a = (3, 6, 1, 9, 7), n = 5: 1, ?6, ??7.
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Íàèáîëüøàÿ âîçðàñòàþùàÿ ïîäïîñëåäîâàòåëüíîñòü

Íàáëþäåíèå 2:

×åì ìåíüøå ïîñëåäíåå ÷èñëî, òåì áîëüøå âîçìîæíîñòåé

äîñòðîèòü ïîäïîñëåäîâàòåëüíîñòü ñïðàâà.

Çíà÷èò, äîñòàòî÷íî ïîìíèòü ìèíèìàëüíîå òàêîå ÷èñëî.

a = (3), n = 1: 3.

a = (3, 6), n = 2: 3, ?6.

a = (3, 6, 1), n = 3: 1, ?6.

a = (3, 6, 1, 9), n = 4: 1, ?6, ??9.

a = (3, 6, 1, 9, 7), n = 5: 1, ?6, ??7.

a = (3, 6, 1, 9, 7, 2), n = 6: 1, ?2, ??7.
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Íàèáîëüøàÿ âîçðàñòàþùàÿ ïîäïîñëåäîâàòåëüíîñòü

Íàáëþäåíèå 2:

×åì ìåíüøå ïîñëåäíåå ÷èñëî, òåì áîëüøå âîçìîæíîñòåé

äîñòðîèòü ïîäïîñëåäîâàòåëüíîñòü ñïðàâà.

Çíà÷èò, äîñòàòî÷íî ïîìíèòü ìèíèìàëüíîå òàêîå ÷èñëî.

a = (3), n = 1: 3.

a = (3, 6), n = 2: 3, ?6.

a = (3, 6, 1), n = 3: 1, ?6.

a = (3, 6, 1, 9), n = 4: 1, ?6, ??9.

a = (3, 6, 1, 9, 7), n = 5: 1, ?6, ??7.

a = (3, 6, 1, 9, 7, 2), n = 6: 1, ?2, ??7.

a = (3, 6, 1, 9, 7, 2, 4), n = 7: 1, ?2, ??4.
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Íàèáîëüøàÿ âîçðàñòàþùàÿ ïîäïîñëåäîâàòåëüíîñòü

Íàáëþäåíèå 2:

×åì ìåíüøå ïîñëåäíåå ÷èñëî, òåì áîëüøå âîçìîæíîñòåé

äîñòðîèòü ïîäïîñëåäîâàòåëüíîñòü ñïðàâà.

Çíà÷èò, äîñòàòî÷íî ïîìíèòü ìèíèìàëüíîå òàêîå ÷èñëî.

a = (3), n = 1: 3.

a = (3, 6), n = 2: 3, ?6.

a = (3, 6, 1), n = 3: 1, ?6.

a = (3, 6, 1, 9), n = 4: 1, ?6, ??9.

a = (3, 6, 1, 9, 7), n = 5: 1, ?6, ??7.

a = (3, 6, 1, 9, 7, 2), n = 6: 1, ?2, ??7.

a = (3, 6, 1, 9, 7, 2, 4), n = 7: 1, ?2, ??4.

a = (3, 6, 1, 9, 7, 2, 4, 8), n = 8: 1, ?2, ??4, ???8.
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Íàèáîëüøàÿ âîçðàñòàþùàÿ ïîäïîñëåäîâàòåëüíîñòü

Íàáëþäåíèå 2:

×åì ìåíüøå ïîñëåäíåå ÷èñëî, òåì áîëüøå âîçìîæíîñòåé

äîñòðîèòü ïîäïîñëåäîâàòåëüíîñòü ñïðàâà.

Çíà÷èò, äîñòàòî÷íî ïîìíèòü ìèíèìàëüíîå òàêîå ÷èñëî.

a = (3), n = 1: 3.

a = (3, 6), n = 2: 3, ?6.

a = (3, 6, 1), n = 3: 1, ?6.

a = (3, 6, 1, 9), n = 4: 1, ?6, ??9.

a = (3, 6, 1, 9, 7), n = 5: 1, ?6, ??7.

a = (3, 6, 1, 9, 7, 2), n = 6: 1, ?2, ??7.

a = (3, 6, 1, 9, 7, 2, 4), n = 7: 1, ?2, ??4.

a = (3, 6, 1, 9, 7, 2, 4, 8), n = 8: 1, ?2, ??4, ???8.

a = (3, 6, 1, 9, 7, 2, 4, 8, 5), n = 9: 1, ?2, ??4, ???5.
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Íàèáîëüøàÿ âîçðàñòàþùàÿ ïîäïîñëåäîâàòåëüíîñòü

Èòàê, äëÿ êàæäîãî ïðåôèêñà è äëÿ êàæäîé äëèíû áóäåì

ïîìíèòü ìèíèìàëüíîå ÷èñëî, íà êîòîðîå ìîæåò çàêàí÷èâàòüñÿ

âîçðàñòàþùàÿ ïîäïîñëåäîâàòåëüíîñòü òàêîé äëèíû.

a = (3, 6, 1, 9, 7, 2, 4, 8, 5), n = 9.

n = 0 ∞ ∞ ∞ ∞ ∞ . . .

n = 1 3 ∞ ∞ ∞ ∞ . . .

n = 2 3 6 ∞ ∞ ∞ . . .

n = 3 1 6 ∞ ∞ ∞ . . .

n = 4 1 6 9 ∞ ∞ . . .

n = 5 1 6 7 ∞ ∞ . . .

n = 6 1 2 7 ∞ ∞ . . .

n = 7 1 2 4 ∞ ∞ . . .

n = 8 1 2 4 8 ∞ . . .

n = 9 1 2 4 5 ∞ . . .
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Íàèáîëüøàÿ âîçðàñòàþùàÿ ïîäïîñëåäîâàòåëüíîñòü

a = (3, 6, 1, 9, 7, 2, 4, 8, 5), n = 9.

n = 0 ∞ ∞ ∞ ∞ ∞ . . .

n = 1 3 ∞ ∞ ∞ ∞ . . .

n = 2 3 6 ∞ ∞ ∞ . . .

n = 3 1 6 ∞ ∞ ∞ . . .

n = 4 1 6 9 ∞ ∞ . . .

n = 5 1 6 7 ∞ ∞ . . .

n = 6 1 2 7 ∞ ∞ . . .

n = 7 1 2 4 ∞ ∞ . . .

n = 8 1 2 4 8 ∞ . . .

n = 9 1 2 4 5 ∞ . . .
Ìû âèäèì, ÷òî:

Äëÿ êàæäîãî n ïîñëåäîâàòåëüíîñòü íåóáûâàþùàÿ.

Ïðè ïåðåõîäå n → n+ 1 ìåíÿåòñÿ ðîâíî îäèí ýëåìåíò.

Åãî ïîçèöèþ ìîæíî íàéòè äâîè÷íûì ïîèñêîì.
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Íàèáîëüøàÿ âîçðàñòàþùàÿ ïîäïîñëåäîâàòåëüíîñòü

Êîä äëÿ ïîèñêà äëèíû:

vector <int> d(n, oo);

for (auto x : a)

*lower_bound(begin(d), end(d), x) = x;

r = lower_bound(begin(d), end(d), oo) - begin(d);
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Íàèáîëüøàÿ âîçðàñòàþùàÿ ïîäïîñëåäîâàòåëüíîñòü

Êîä äëÿ ïîèñêà äëèíû:

vector <int> d(n, oo);

for (auto x : a)

*lower_bound(begin(d), end(d), x) = x;

r = lower_bound(begin(d), end(d), oo) - begin(d);

Êàê íàéòè ñàìó ïîäïîñëåäîâàòåëüíîñòü?
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Íàèáîëüøàÿ âîçðàñòàþùàÿ ïîäïîñëåäîâàòåëüíîñòü

Êîä äëÿ ïîèñêà äëèíû:

vector <int> d(n, oo);

for (auto x : a)

*lower_bound(begin(d), end(d), x) = x;

r = lower_bound(begin(d), end(d), oo) - begin(d);

Êàê íàéòè ñàìó ïîäïîñëåäîâàòåëüíîñòü?

Îíà íèãäå ÿâíî íå çàïèñàíà.

Ìîæíî äëÿ êàæäîãî ÷èñëà, ïîïàâøåãî â d, õðàíèòü åãî

ïîçèöèþ â a, à íå ñàìî ÷èñëî.

Êîãäà d ìåíÿåòñÿ, çàïèøåì â ìàññèâ ïðåäêîâ p ïîçèöèþ

ïðåäûäóùåãî ýëåìåíòà â d.

Ïî ìàññèâó ïðåäêîâ ìîæíî âîññòàíîâèòü ïóòü êàê îáû÷íî.
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Çàâåðøåíèå

Âîïðîñû?

Âîïðîñû?
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